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infinite family of quiver gauge theories, Xplq, whose dual geometries are known in 
terms of t oric diagrams. 
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Chapter 1 
Introduction 
This thesis consists of four works completed during the last two years on the subject 
of supersymmetric gauge theories in four dimensions, using concepts and methods 
deriving from string theory. Although Supersymmetry has not yet been discovered in 
high energy experiments, many people are confident that it will indeed be discovered 
in the next generation of these experiments. These will be conducted at  the Large 
Hadron Collider of CERN, with energies in the range of a few TeV/nucleon. Most 
phenomenological models predict traces of Supersymmetry to appear at 1-1.5 TeV, 
so if Supersymmetry is real, there is a good chance it will be found there1. The 
phenomenological implications would then be far-reaching, beacause any model for 
unification will necessarily be a model with spontaneously broken Supersymmetry. 
This is one reason why supersymmetric gauge theories are worth studying, because in 
the next few years there is a chance we will be learning that nature is supersymmetric. 
Apart from that though, we already know that all except gravitational interac- 
tions, a t  least at the highest energies that we can currently probe, are very accurately 
described by gauge theories like Quantum Chromodynamics. Supersymmetric gauge 
theories are in many ways similar to  non-supersymmetric ones, exhibiting phenomena 
like chiral symmetry breaking, asymptotic freedom and confinement. However, the 
larger amount of symmetry relates bosons to fermions and constrains their interac- 
 here is also the opinion that  we already have enough evidence that  the Higgs particle has a 
mass around 114 GeV, and this by itself is a good indication for Supersymmetry, because only it 
can provide the cancellation of radiative corrections needed for such a low mass. 
tions, making it possible to  extract more information with less effort. They are in this 
sense a theoretical laboratory in which we can test ideas and acquire understanding 
that will enlighten us as to  the structure of more realistic theories. String theory, 
which gained momentum as a candidate for a unified theory of all interactions, grav- 
itational and gauge, can also be seen as a way to approach gauge theories regardless 
of its relevance for unifying the forces at  a fundamental level (although I do believe 
that in the end some version of it will be relevant to  the actual unification). It is in 
this spirit mainly that my research has been conducted. 
Many supersymmetric Yang-Mills theories admit a very natural realization in 
string theory, where the endpoints of open strings behave at  low energies (low meaning 
far below the string mass scale, which could be as high as the Planck mass) like 
charged particles with gauge interactions determining their dynamics. It is natural 
in the sense that one does not need to add these interactions by hand, instead they 
emerge from the quantization of the string. This makes it possible to use properties 
of the string background (e.g. geometric or topological data of the spacet,ime in which 
the strings are moving) in order to  compute data of the gauge theory. In many cases 
it is much easier to use this method instead of doing calculations in the field theory. 
It can also reveal patterns that would be hard to spot by looking at the field theory 
by itself. We will see an example of this in Chapter 4. However, given an open 
string background, it is often a hard question to  read off the resulting gauge theory. 
Chapters 5 and 6 contain a contribution to answering this question. 
The main concepts and methods we use derive from three important theoretical 
developements of the 1990's. In chronological order these are: Seiberg's duality for 
N = 1 supersymmetric gauge theories, the discovery of D-branes, and AdS/CFT. 
We will discuss the relevant aspects of each of these in more detail in the next chap- 
ter2, but a very brief description is in order here. Seiberg7s duality was proposed in 
the early nineties for the theory known as supersymmetric QCD (SQCD). It asserts 
that when this theory flows to a conformal fixed point there is a dual description 
in terms of a different set of degrees of freedom that is physically indistinguishable 
2The appropriate references will also be given there. 
from the original theory at  the fixed point. In some cases, one of the two theories is 
strongly coupled while its dual is weakly coupled, making this a strong-weak duality. 
The duality was extensively studied and generalized to  other theories, including the- 
ories with product gauge group and matter fields in bifundamental representations 
(quiver gauge theories), which are the focus of the works presented here. D-branes 
were discovered in 1995, marking the beginning what is sometimes called the second 
superstring revolution. They are extended objects in string theory, on which the end- 
points of open strings are confined. One very interesting property is that in the low 
energy limit the theory on their world-volume is a field theory, usually of Yang-Mills 
type. It is possible to  "engineer" a wide variety of gauge theories using D-branes, 
and as mentioned before many problems which are hard from the field theory point of 
view are more tractable when translated to  problems in string theory. Not long after 
the discovery of D-branes, the AdS/CFT correspondence was conjectured. It states 
that the low energy conformal field theory on the worldvolume of a large number 
of D3-branes is holographically dual to  Type IIB string theory in the near horizon 
geometry of the D3-branes (it makes similar statements for other kinds of branes, but 
we will not discuss these cases). One very interesting aspect of t,his duality is that 
the strong coupling limit of the field theory corresponds to the supergravity limit of 
the Type IIB theory, allowing one to  get results for a strongly coupled quantum field 
theory by doing computations in classical supergravity. 
The plan of the thesis is as follows. In Chapter 2 we review the hasic concepts that 
we use throughout the next chapters. Then in Chapter 3 we study the duality cascade 
phenomenon. A duality cascade is a RG flow for an N = 1 supersymmetric gauge 
theory, in which when a gauge coupling becomes strong one uses Seiberg duality 
t o  get a dual theory in which this coupling becomes weaker as the flow proceeds. 
Then further down the energy scale another coupling becomes strong which requires 
a new dualization and so on, resulting in a process which deserves the name "duality 
c-ascade". In this way we can continue a RG flow beyond the point of strong coupling. 
The use of Seiberg duality in this manner is motivated from the holographically dual 
geometry. This is how the first example of a cascade was discovered, deforming the 
AdS/CFT pair for the conifold by the addition of fractional branes and matching 
the supergravity solution with a RG flow for the gauge theory. Subsequently more 
examples were discovered that lent support to the duality cascade method. In our 
work we approach the phenomenon from the field theory side. We provide a general 
formalism for performing a duality cascade on a quiver gauge theory. Then we apply 
this to examples of gauge theories that can be embedded in string theory. The 
surprising result is the appearance of a duality wall, i.e. a duality cascade in which 
the distance on the energy scale between successive dualizations decreases fast enough 
that the cascade cannot proceed towards the UV beyond a finite energy. Although 
examples of duality walls had been found before, this was the first example that 
admitted a string theory realization. 
In Chapter 4, we turn our attention to global symmetries in the del Pezzo gauge 
theories. These are quiver gauge theories that arise on D3-branes placed at the tip of 
a complex cone over the del Pezzo surfaces. Using topological data of the del Pezzo 
surfaces and results from AdS/CFT, namely the correspondence between DPbranes 
wrapped on three-cycles in the base of the cone and dibaryon operators in the gauge 
theory, we identify the global U(1) charges of all bifundamental fields in these theories 
using a natural basis provided by the geometry. In this basis the charges turn out to  
be the Dynkin coefficients of representations of exceptional Lie algebras. This makes 
it possible to express supepotentials, Higgsing, Seiberg dualities in the Lie algebra 
language, giving a much more symmetric description of these theories than one would 
have without use of the geometry. Moreover, it raises the possibility of an enhanced 
exceptional global symmetry at infinite gauge coupling. Examples of supersymmetric 
gauge theories featuring enhanced symmetry at infinite coupling have been proposed 
in three and five dimensions, using string theory setups. The del Pezzo theories 
provide a plausible case for the existence of such a limit in four dimensions. 
Chapters 5 and 6 deal with answering the question: given a background geometry 
in which D3-branes can be placed, what will be the low energy theory on these branes? 
Chapter 5 is a follow-up on the discovery of the theories for a certain (infinite) class 
of geometries, called Y p > Q .  The theories living on the branes for these geometries 
are also called YP.9 and are quiver gauge theories. However, Seiberg duality tells us 
that in fact there is an infinite class of theories (the Seiberg duals) that flow to the 
same conformal fixed point in the infrared. We use Seiberg duality to construct a 
subclass of these theories, called the toric phases in which all gauge group factors 
have the same rank. We provide a simple description for these phases in terms of 
"impurities" on the quiver diagram3. We also give a prescription of how to break 
conformal invariance in the Yp>q theories while preserving supersymmetry. 
Finally, in Chapter 6 we find a new infinite family of quiver gauge theories, dubbed 
Xp,q, for which the algebraic description of the background geometry is known. This 
algebraic description is given in terms of toric diagrams, a notion that will be reviewed 
in Section 2.2.1. The theories are constructed based on the way we expect them 
to behave after Higgsing. We explain why the geometry predicts that each Xp.9 
theory can be Higgsed to YP.9 or Yp,g-l, depending on the field that gets the vacuum 
expectation value and we use this information to "reverse engineer" the theories. We 
study aspects of these theories, including toric phases and global symmetries and 
comment on sorne of their properties. 
3 ~ h e  quiver diagram is a graphical representation of a quiver gauge theorj,. It will be defined in 
Section 2.1 

Chapter 2 
A Brief Review of Relevant 
Concepts 
In this chapter review some of the relevant aspects of concepts used frequently in the 
next chapters. These include Seiberg duality, D-branes and the AdS/CFT correspon- 
dence. 
2.1 Seiberg duality 
Supersymmetric QCD (SQCD) is a N = 1 supersymmetric gauge theory with gauge 
group SU(Nc), Nf quarks Q in the fundamental (N,) representation and Nf anti- 
quarks & in th.e antifundamental representation (Nc) of the gauge group. The theory 
has zero superpotential. For ;N, < Nf < 3Nc the theory is aymptotically free and 
Rows to an interacting conformal fixed point in the infrared. This range of values of 
the number of flavors is called the conformal window. Seiberg [l] conjectured that at  
that point there is a dual theory with gauge group SU(Nf - N,), Nf flavors q,  ij, a 
scalar field .M and superpotential 
This theory also flows to an interacting conformal field point in the infrared at which it 
is physically indistinguishable from the original theory, although the two theories are 
perturbatively different. Evidence for the validity of the duality include the matching 
of global symmetries, quantum moduli spaces and chiral rings of the two theories. 
There is also a map between deformations of the two theories, according to  which 
the operator QQ is mapped to M in the dual theory. This will be important for us 
since we will be considering theories with superpotential, which we want to translate 
in the alphabet of fields of the dual theory. 
The theories we study are N = 1 quiver gauge theories. These have a gauge 
group of the form SU(Nl) x SU(N2) x . . . x SU(Np) with matter fields transform- 
ing in bifundamental representations. We use the usual graphical representation for 
these theories, in which every gauge group factor is represented by a node. A field 
Xij transforming in the fundanent a1 represent ation of the i th factor and the antifun- 
damental representation of the j t h  factor is represented by an arrow starting from 
node i and ending on node j .  The superpotential for such a theory consists of terms 
of the form tr(Xi,izXi,i, . . . XiTi,), where the trace is taken over the color indices. 
These theories are believed to flow to  superconformal fixed points in the IR when all 
the beta functions for gauge and superpotential couplings vanish. We will describe 
this method for finding fixed points in detail in Chapter 3. When such a fixed point 
exists, it has been shown [2, 31 that one can apply Seiberg duality to  any one of the 
gauge group factors (nodes). What we mean by this is: imagine deforming the theory 
by turning off all superpotential couplings and all gauge couplings except the one for 
the node under consideration. One is left with a SQCD theory, on which the duality 
can be applied. Then one turns on the rest of the couplings, written in terms of the 
new variables. This is the dual theory. 
2.2 D-Branes and gauge theories 
D-Branes came to the center of the stage in string theory when it was realized [4] 
that they are the sources for the antisymmetric form fields appearing in the massless 
spectrum of superstring theories. A Dp-brane is an object extending in p dimensions 
of space and time, so its worldvolume is p + 1 dimensional. The defining property is 
that the ends of open strings must end on a D-brane. One is forced to consider D- 
branes when t'rying to extend the T-duality of closed strings to  the open string sector 
[5]. Then one encounters Neumann boundary conditions for the endpoints of the 
open strings, and the hypersurface on which these points are constrained is precisely 
the D-brane. Far from being only a ficticious hypersurface though, a Dp-brane is a 
physical object with tension 
1 
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where g, is the string coupling and 1, is the length of the string. A D-brane has its 
own dynamics, which for a single (bosonic) Dp-brane are given by the Born-Infeld 
action: 
Here 4 is the dilaton, Gii and B, are the induced metric on the brane and the pullback 
of the Kalb-Ramond field respectively, and Fij is the field strength of the U(1) gauge 
field living on the D-brane worldvolume. 
D-branes have many very interesting applications in string theory, but the one 
we will be interested in is the property that a t  low energies the theory on their 
worldvolume is a gauge field theory. The simplest possible configuration that gives 
a non-abelian gauge symmetry is having a stack of N parallel a,nd coincident Dp- 
branes in flat space. This setup breaks the spacetime Lorentz symmetry SO(9 , l )  -+ 
SO(p, 1) x S 0 ( 9  - p) where SO(p, 1) is the Lorentz symmetry on the Dp-brane 
worldvolume a,nd SO(9 - p) is the rotational symmetry in the transverse space, where 
the D-brane is pointlike. The low energy theory is then the dimensional reduction of 
the ten-dimentional supersymmetric U(N) Yang-Mills theory to (p + 1) dimensions 
[7]. The bosonic part of the action for this theory is 
where i, j index the directions along the D-brane worldvolume and m, n index the 
transverse coordinates. Here Fij is the U(N) field strength and Xm are fields in the 
adjoint representation of U(N).  The Yang-Mills coupling is related to  the D-brane 
tension : 
1 
For the case of D3-branes this is the four-dimensional N = 4 supersymmetric Yang- 
Mills theory, with a dimensionless coupling g$M = g,. 
This theory is very interesting, but we want to  engineer theories with less su- 
persymmetry, since these are closer to the real-world particle theories. There are 
two ways in which this can be done, either by using setups of branes or by placing 
the branes in curved space, possibly with fluxes. We will be dealing with the sec- 
ond method, in which the space transverse to the branes is curved. In particular, 
we will be interested in N = 1 supersymmetric gauge theories in four dimensions. 
These can be constructed by placing parralel D3-branes in ten-dimensional space- 
time of the form x CY3 where I W ' J ~  is the four-dimensional Minkowski spacetime 
spanned by the D3-branes and CY3 is a Calabi-Yau threefold. A Calabi-Yau manifold 
CY, is a n-complex-dimemensional manifold of SU(n)  holonomy. This means that 
a vector transported around a closed loop will be rotated by an element of SU(n).  
This contrasts with the case of a generic oriented 2n-real-dimensional Riemannian 
manifold which has SO(2n) holonomy. Anticipating the discussion of the AdS/CFT 
correspondence, let us say that that we will be interested in configurations where the 
Calabi-Yau threefold is a real cone over a compact five dimensional Sasaki-Einstein 
space X5. The near horizon limit of this geometry is a space of the form Ads5 x X5. 
The D3-branes are placed at the tip of the cone. The resulting gauge theories on the 
D-branes are quiver gauge theories, with all matter fields transforming in two-index 
representations (adjoint or bifundamental) of the gauge group factors. In general, the 
gauge theory will have N = 1 supersymmetry. A particular subclass of these Calabi- 
Yau cones includes the ones that also happen to be toric varieties. These admit an 
algebraic description that makes it easier to  identify the gauge theory living on the 
D-brane worldvolume and study its properties. We briefly discuss toric geometry in 
the next subsection, along the lines of [8]. 
2.2.1 Toric geometry 
Toric varieties are a generalization of the complex projective space: 
where the @* acts by 
Zi --+ Axi, i = I , . .  . , n +  1. 
We can generalize this to  a toric variety V as follows: 
F here denotes the set of points that we have to  remove for the quotient to  be well 
defined. The action of the m copies of @* is now given by 
The QP arc: integers and can be arranged in a m x (m + n)  matrix. One way to 
look a,t this quotient is to  use the decomposition @* = lW+ x U(1). This is called the 
s ymplectic quotient. One first imposes the m constrains 
where ta are arbitrary real parameters and then takes the quotient by the U(1)" 
action, which is given by (2.9) with I X a I  = 1. Putting all ta = 0 yields a cone, with 
the conical singularity located at zi = 0 , i = 1, . . . , m + n. 
It is possible to encode a toric variety in a toric diagram, which consists of n + m 
integer vectors ui in Zn-' that satisfy the set of relations 
These relations define the charges Q: which in turn define the quotient giving the 
toric variety. For a three complex dimensional Calabi-Yau manifold, which is what 
we will be dealing with, the vectors vi lie on a plane. We will make use of these toric 
diagrams in Chapter 6. We will discuss there how we can extract information from 
these about the gauge theoruy living on the D3-branes at  the tip of the Calabi-Yau 
cone. 
The AdS/CFT correspondence [9, 10, 111 is an example of a holographic duality, 
i.e. the duality between a theory with gravity and one without gravity. The corre- 
spondence relates two seemingly different limits of the same physical system: a stack 
of parallel and coincident D3-branes in Type IIB string theory. The supergravity 
solution for this system is 
where the coordinates xl ,  x2, x3 are along the brane and the second term in the metric 
is the transverse space written in spherical coordinates. In the near horizon limit, 
r << R, we can drop the 1 in f and the metric becomes that of Ads5 x S5, with 
N units of fiveform flux through the S5. The radius of curvature of both spaces is 
R. On the other hand one has at  low energies the gauge theory on the branes, which 
as mentioned before will be the N = 4 super Yang-Mills theory in four dimensions, 
with gauge group U ( N ) .  This theory is exactly conformal, because the large amount 
of supersymmetry makes the beta functions vanish identically. 
In its strongest form, Maldacena's conjecture states that Type IIB string theory 
on Adss x S h i t h  N units of fiveform flux is the same (holographically dual) to  
N = 4 super Yang-Mills with gauge group U(N). Actually, the U(1) factor of U(N) 
is just a free vector multiplet corresponding to the center of mass motion of the D- 
branes, so the Ads theory actually describes the SU(N)  part of the gauge theory. 
The coupling of the gauge theory is related to the radius of curvature through 
From (2.13) we see that for small g,, a' and large R, N such that the t7Hooft coupling 
X = NggM is large, one gets a duality between a strongly couplet1 gauge theory and 
classical supergravity! 
The natural objects to  consider in a conformal field theory are operators O ( x ) .  
The correspondence is based on a dictionary that relates operators O(x) in the CFT 
to  fields 4(x, r) in Ads, or equivalently states of the string theory on Ads. Here 
r denotes a radial coordinate in Ads space and x denotes the coordinates in four 
dimensional Minkowski space. The correlation functions of O(x) can be computed 
from the relation 
where +o(x) is an arbitrary field on the boundary of Ads5, which is four dimensional 
Minkowski space and ZString is the string partition function with the given boundary 
condition. One can take derivatives of the left hand side with respect to q50(x) to ob- 
tain the correlation functions of O(x),  so the correspondence is in principle complete. 
This relation also determines the conformal dimensions A of the operators in terms 
of the masses m of the dual Ads fields as: 
for AdSd+l. 
The correspondence can also be generalized to  other kinds of branes and back- 
grounds. The generalization that is of interest to  us is placing the D3-branes at  
the apex of a Calabi-Yau cone CY3, whose base is a five-dimensional Sasaki-Einstein 
manifold X5. The metric on this cone is 
and the near horizon limit of the background gives Ads5 x X5 with N  units of fiveform 
flux. The Maldacena conjecture naturally extends to this case [12, 131 and says that 
Type IIB string theory in this near horizon limit is holographically dual to  the IR 
conformal fixed point of the gauge theory on the D3-branes. A basic difference with 
D3-branes in flat space is that the gauge theory now is not exactly conformal, but it is 
conformal at  the IR end of its RG flow. It is to this fixed point that the duality applies. 
In all the examples that have been studied this gauge theory has matter fields in two- 
index representations only. We will see many examples of such theories in this thesis, 
since they are our main object of study. One very interesting consequence of this 
generalization is that it allows us to test and use the operator-state correspondence 
for states that are not seem in supergravity but are string theory states. These are 
states describing D3-branes wrapped on non-trivial supersymmetric three-cycles in 
X5. The dual operators are the so called dibaryon operators, which are constructed 
from fully antisymmetrizing the gauge indices of bifundarnental fields. The simplest 
example is 
, . i l j z - j ~  x" '22 . . . X ~ N  
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for a bifundamental field charged under two S U ( N )  factors. The conformal dimension 
of this operator is N times the conformal dimension of the simple X; field. The dual 
state is a D3-brane wrapped N times on a supersymmetric three-cycle. For large N, 
the mass of the state and the conformal dimension of the operator are both large and 
(2.15) can be approximated by A = mR. The mass m is in turn proportional to the 
volume of the cycle that the brane is wrapping, so that one can compute conformal 
dimensions of fields at  a strongly coupled fixed point by calculating the volume of 
a three-cycle. This has proven very useful and we will discuss it further and make 
liberal use of it throughout the following chapters. 

Chapter 3 
Duality Cascades and Duality 
Walls 
3.1 Introduction 
The "Duality Cascade" phenomenon, discovered by Klebanov and Strassler [17], has 
been one of the most interesting applications of the AdS/CFT correspondence. It is 
part of the ongoing programme to extend the correspondence to  more general, in this 
case non-confc~rmal, classes of field theories. 
The introduction of M fractional D3 branes in addition to N regular ones on 
the conifold singularity breaks conformal invariance. The authors of [17] studied 
the resulting field theory which is a four-dimensional N = 1 SU(N + M) x S U ( N )  
non-conformal gauge theory. They showed that the radial variation of the fiveform 
flux in the dual near-horizon geometry can be identified with the running of the 
gauge couplings in the gauge theory. When one of the couplings becomes strong, one 
can, & la Seiberg, dualize the theory and flow to the IR, to one with gauge group 
SU(N - Ad) x SU(N). To the UV one may follow this RG flow in the field theory 
ad infiniturn. This RG flow by means of successive Seiberg dualizations was referred 
to  as a duality cascade [17]. 
Nice exa,mples of duality cascades from the field theory side have been studied. 
Notably, in [18] the cascade has been described in terms of properties of the adjacency 
matrix of the quiver, which for the examples studied in this work happens to  be a 
Cartan matrix. Then Seiberg duality is a Weyl reflection in the associated root 
space. The UV behaviour then depends markedly on whether the Cartan matrix is 
hyperbolic (with a single negative eigenvalue and the rest positive) or not. Indeed 
for some simple quiver examples (without a known stringy realization), it was shown 
that the RG flow slows down in the UV and in fact (quite surprisingly) there is a 
finite accumulation point a t  which the scale of the dualizations pile up. This raises 
the interesting possibility of non-trivial UV completions for these field theories. This 
kind of UV behavior of a duality cascade was originally dubbed "Duality Wall" in 
P91. 
The issue seems to persist as one studies field theories that can be realized on 
D-branes . As a first example that is chiral and arising from standard string theory 
constructions, [20] discussed the case of our familiar C3/Z3 singularity. Using naive 
beta-functions without consideration for the anomalous dimensions, [20] analysed in 
detail how one encounters duality walls for this string theoretic gauge theory. This is 
however only a toy example, since the anomalous dimensions of the fields are ignored. 
Despite our lack for explicit metrics and supergravity solutions for wider classes 
of examples, we are in fact well armed from the gauge theory perspective. There are 
several instances of D3-branes probing conical singularities where the gauge theory on 
the branes is known. This theory is generally a N = 1 supersymmetric quiver gauge 
theory, with product gauge group and matter in bifundamental representations. These 
theories generically flow to an IR conformal fixed point. One can then use Seiberg 
duality on individual gauge group factors (nodes) to get a dual quiver gauge theory 
equivalent t o  the original one. Seiberg duality can be applied succesively on different 
nodes. An interesting structure emerges from this duality: the tree structure of the 
space of dual theories. As we dualize a node in the quiver at  each stage, a new branch 
is added to the tree. The topology of the tree is of interest. For example, whether 
there are any closed cycles which would signify that certain dualities may be trapped 
within a group of theories. To get a duality cascade however, one needs to  break 
conformal invariance. Seiberg duality is then used in a different way. Following the 
flow to the UV, the gauge coupling of some nodes becomes large at  a finite energy 
scale. One can formally use Seiberg duality on this node at  this point, reversing the 
sign of the beta function so the the flow can be continued beyond this point. We 
say "formally" because the theory is not conformal. However, the dual supergravity 
solution, when available, seems to agree with the gauge theory flow, lending support 
to  using Seiberg duality in this unconventional way. 
Dualizations in the tree is precisely the desired cascading procedure. As the theory 
flows to the UV and successive dualizations are performed, a particular path is traced 
out on the tree. Of course the computation of the RG flow requires knowledge of the 
beta-function, including the corrections coming from the anomalous dimensions. The 
form of the ex.act beta function has been computed by [21] for N = 1 gauge theories 
and by [22] for quiver theories in particular. The beta function can be expressed in 
terms of the anomalous dimensions of the matter fields of the quiver theory, which 
are in turn proportional t o  the U( l )R charges of the fields. The excellent work by 
[23] provides us with a way to systematically determine the R-symmetry and hence 
all anomalous dimensions. One only has to maximize a cubic function of the U(1) 
charges. This computation works only for conformal theories but as we shall see, in 
the example st,udied here the symmetries of the quiver constrain the corrections to  the 
anomalous t-lirnensions in such a way that they can be ignored in a first approximation. 
The structure of this chapter is as follows. We will first require three ingredients 
the combination of which will form the crux of our calculation. The first piece we 
need is four dimensional N = 1 super conformal field theory (SCFT), especially 
quiver theories. In particular we remind the reader of the computations of anomalous 
dimensions in the beta function. This will be the subject of Section 3.2. The second 
piece we need is the so-called "duality tree" which arises from iterative Seiberg-like 
dualisations of quiver theories. This, with concrete examples from the zeroth del 
Pezzo, will constitute Section 3.3. The final piece we need is to  recall the rudiments 
of the Klebanov-Strassler cascade for the quiver theory associated to the conifold. We 
do this in Section 3.4. 
Thus equipped, we examine a simple but illustrative gauge theory in Section 
3.5. This is a fairly well-studied quiver theory arising from D3-branes probing the 
singular complex cone over the zeroth Hirzebruch surface. The duality tree for the 
conformal phases of the theory form a flower. With the appropriate addition of 
fractional branes to  take us away from conformality, we compute the beta function 
running in Section 3.5.2, by determining, using the abovement ioned maximization 
principle, all anomalous dimensions. We will find in Section 3.5.3 that there is indeed 
a duality wall, i.e. an energy scale beyond which dualities cannot proceed. 
3.2 Computing anomalous dimensions in a SCFT 
We devote this section to  a summary of beta-functions in 4D N = 1 SCFT and of how 
to compute in particular the anomalous dimensions. The remainder of the chapter 
will make extensive use of the values of these anomalous dimensions. 
The necessary and sufficient conditions for a N = 1 supersymmetric gauge theory 
with superpotential to be conformally invariant, are (1) the vanishing of the beta 
function for each gauge coupling and (2) the requirement that the couplings in the 
superpotential be dimensionless. Both these conditions impose constraints on the 
anomalous dimensions of the matter fields, that is, chiral operators of the theory. This 
is because supersymmetry relates the gauge coupling beta functions to the anomalous 
dimensions of the matter fields due to the form of the NSVZ beta functions [21, 221. 
The examples which we study in this chapter are a class of SUSY gauge theories 
known as quiver theories. These have product gauge groups of the form n SU(N,-,) 
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together with Nfi bifundamental matter fields for the i-th gauge factor. There is also 
a polynomial superpotential. Such theories can be conveniently encoded by quiver 
diagrams where nodes are gauge factors and arrows are bifundamentals. The SCFT 
conditions for these quiver theories can be written as: 
where pi is the beta-function for the i-th gauge factor, and yj, the anomalous dimen- 
sions. The index j labels the fields charged under the j-th gauge group factor while 
k indexes the fields appearing in the k-th term of the superpotential with coupling h, 
whose naive mass dimension is d(h). 
These conditions (3.1) constitute a linear system of equations. However they do 
not always uniquely determine the anomalous dimensions because there will be more 
variables than constraints. One or more of the 7's are left as free parameters. Intrili- 
gator and \Vecht [23] provided a general method for fixing this freedom in aribitrary 
4D SCFT, whereby completely specifying the anomalous dimensions. They showed 
that the R-charges of the matter fields, which in an SCFT are related to the y's, are 
those that (locally) maximize the central charge a of the theory. The central charge 
a is given in terms of the R-charges by 
3 
a = - ( 3 ~ r R ~  - TrR)  , 
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where the trace is taken over the fermionic components of the vector and chiral 
multiplets. 
In a quiver theory with gauge group n SU(Ni) and chiral bifundamental multi- 
i 
plets with multiplicities fij between the i-th and j-th gauge factors (the matrix f, 
is the adjacency matrix of the quiver), we can give an explicit expression for (3.2) in 
terms of the R-charges R, of the lowest components of the bifundamentals 
Parenthetically, we remark that in some cases, such as the ones to be discussed in 
Section 3.4 and Section 3.5,  anomalous dimensions can be fixed by using some discrete 
symmetries of the quiver and the superpotential, without the need to appeal to  the 
systematic maximization of a. 
Now in (3.3) we need to know the R-charges. However, in a SCFT the conformal 
dimension D of a chiral operator is related to its R-charge by D = $ R I .  Moreover, 
for bifundamental matter the relation between D and y is D = 1 + z .  Therefore we 
can write the R-charges and hence (3.3) in terms of the anomalous dimensions by 
Therefore, after solving the conformality constraints (3.1) we can write a in terms of 
the still unspecified 7's by (3.3) and then maximize it in order to completely determine 
all the anomalous dimensions. 
The freedom in the anomalous dimensions after using the SCFT conditions reflects 
the presence of non-anomalous U(1) flavor symmetries in the IR theory. Initially, 
there is one U (1) flavor symmetry for each arrow of the quiver. All the matter fields 
lying on an arrow have the same charge under this U(1). Now we must impose the 
anomaly free condition for each node, this is the condition that for the adjacency 
matrix f i j  at the i-th node we have 
In other words, the ranks of the gauge groups, as a vector, must lie in the integer 
nullspace of the antisymmetrized adjacency matrix: 
After imposing this condition (3.6), we are left with (# of arrows - # of nodes) 
non-anomalous U(1)'s. The invariance of the superpotential reduces their number 
even more, giving one linear relation between their charges for each of its terms. But 
the number of independent such relations is not always sufficient to  eliminate all the 
abelian flavor symmetries. The charges of those that still remain in the IR can indeed 
be read off from the expressions for the anomalous dimensions of the fields in terms 
of those that remain free after imposing the conditions (3.1). 
The way in which the charge matrix of the remaining U(1) flavor symmetries 
appears in this framework is as the matrix of coefficients that express the anomalous 
dimensions of the bifundamental fields as linear combinations of numerical constants 
and some set of independent anomalous dimensions. Specifically, suppose we start 
with n anomalous dimensions and that the solution to (3.1) specifies k of them in 
terms of the other n - k :  
The corresponding R-charges are related to  the 7's by R = y. The charges 
of the matter fields under these residual U(l) ' s  from are given by the qij matrix in 
(3.7). The constants yoi are mapped to the test values of R charges. It is important 
t o  keep in rnind that it is possible to  change the basis of U(1)'s (correspondingly the 
set of independent anomalous dimensions), in which case the charge matrix would be 
modified. 
3.3 Duality structure of SUSY gauge theories: Du- 
ality trees 
Having reviewed the methodology of computing anomalous dimensions, we turn to  
the next ingredient, the duality trees which arise from Seiberg-like dualities performed 
on the quivers. An interesting way to encode dual gauge theories and their relations 
is by using duality trees. This construction was introduced in [24], for the specific 
case of D3-bra,nes probing a complex cone over dPo, the zeroth del Pezzo surface. 
In general, for a quiver theory with adjacency matrix fij and n gauge group 
factors, there are n different choices of nodes on which to  perform Seiberg duality. 
In other words, we can dualize any of the n nodes of the quiver to obtain a new one, 
for which we again have n choices for dualisation. We recall that dualisation on node 
io proceeds as follows. Define Iin := nodes having arrows going into io, IOut := those 
having arrow coming from io and I,, := those unconnected with io. 
1. Change the rank of the node io from N, to  Nf - N, with Nf = C fiJi,Ni = 
i€Ii, 
dual - 2 fij - f i i  if either i ,  j = io; 
3. Only arrows linking Iin to Iout will be changed and all others remain unaffected; 
dual - 4. fAB - f A B - f i o A f ~ i o  fo rAEIout ,  B E I i n ;  
If this quantity is negative, we simply take it to  mean an arrow going from B 
to A. This step is simply the addition of the Seiberg dual mesons (as a mass 
deformation if necessary). 
We remark that the fourth of these dualisation rules accounts for the antisymmetric 
part of the intersection matrix, which does not encode bi-directional arrows. Such 
subtle cases arise when there are no cubic superpotentials needed to give masses to  
the fields associated with the bi-directional arrows. This will not be an issue for the 
theories studied in this paper. 
The subsequent data structure is that of a tree, where each site represents a gauge 
theory, with n branches emanating from it, connecting it to  its dual theories. This 
is called a "duality tree". We will see along the chapter that duality trees exhibit 
an extremely rich structure, with completely distinct topologies for the branches for 
gauge theories coming from different geometries. 
As an introduction, let us recall the simple example considered in [24]. The 
probed geometry in this case was a complex cone over dPo. This cone is simply the 
non-compact C3/Z3 orbifold singularity. The generic quiver for any one in the tree 
of Seiberg dual theories for this geometry will have the form as given in Figure 3-1. 
The superpotential is cubic because there are only cubic gauge invariant operators in 
this theory, given by closed loops in the quiver diagram. 
Since there are three gauge group factors, there will be three branches coming out 
from each site in the duality tree. The tree is presented in Figure 3-2. For clarity we 
color-coded the tree so that sites of the same colour correspond to equivalent theories, 
i.e., theories related to  one another by some permutation of the gauge groups and/or 
charge conjugation of all fields in the quiver (in other words theories whose quivers 
Figure 3-1: Generic quiver for any of the Seiberg dual theories in the duality tree 
corresponding to  a D3-brane probing C3/Z3, the complex cone over dPo. 
are permutations and/or transpositions of each other). We have also included, the 
quivers to  which the various coloured sites correspond in Figure 3-3. 
Figure 3-2: Tree of Seiberg dual theories for dPo.  Each site of t,he tree represents 
a gauge theory, and the branches between sites indicate how different theories are 
related by Seiberg duality transformations. 
One important invariant associated to an algebraic singularity is the trace of the 
total monodromy matrix around the singular point. This can typically be recast 
into an associated Diophantine equation in the intersection numbers, i.e. the fij 's 
[25 ,  26, 271. This equation captures all the theories that can be obtained by Seiberg 
duality and hence classifies the sites in the tree. 
From Figure 3-1 , we see that there exists a simple relation between the intersection 
numbers and the ranks of the gauge groups for dPo,  namely for rank (nl,  nz, n3), the 
Figure 3-3: Some first cases of the Seiberg dual phases in the duality duality tree for 
the theory corresponding to a D3-brane probing C3/Z3, the complex cone over dPo. 
0 nl -nj  
intersection matrix is given by 3 . The Diophantine equation in terms 
of the ranks reads 
This turns out t o  be the well-studied Markov equation. 
It is important to stress that,  up to  this point, duality trees do not provide any 
information regarding RG flows. In fact, if the theories under study are conformal the 
trees just represent the set of dual gauge theories and how they are interconnected 
by Seiberg duality transformations within the conformal window. We will extend 
our discussion about this point in Section 3.4 and Section 3.5, where we will obtain 
non-conformal theories by the inclusion of fractional branes. 
3.4 The conifold cascade 
A famous example of successive Seiberg dualisations is the Klebanov-Strassler cascade 
in gauge theory [17] associated to  the warped deformed conifold. In light of the 
duality tree structure in the previous section, we now present the third and last piece 
of preparatory work and summarize some key features of this example, in order to 
illustrate the concept of duality cascade, as well as to  introduce the methods and 
approximations that will be used later. 
Let us begin by considering the gauge theory that appears on a stack of N D3- 
branes probing the conifold. This theory has an SU(N)  x SU(N)  gauge symmetry. 
The matter content consists of four bifundamental chiral multiplets A1,2 and B1,2 and 
the quiver diagram is shown in Figure 3-4. This model has also interactions given by 
Figure 3-4: Quiver diagram for the gauge theory on N D3-branes probing the conifold. 
the following quartic superpotential 
for some coupling A ,  and where we trace over color indices. 
This gauge theory is self dual under Seiberg duality transformations, by applying 
the duality rules in Section 3.3. Accordingly, its "duality tree" is the simplest one, 
consisting of a single point representing the SU (N)  x SU(N)  theory, which transforms 
into itself when dualizing either of its two gauge groups. This is shown in Figure 3-5. 
Figure 3-5: The "duality tree" of the conifold. Its single site represents the standard 
SU(N)  x SU(N)  theory. The closed link coming out the site and returning to it 
represents the fact that the theory, being self-dual, transforms into itself under Seiberg 
duality. 
We will see below that when we apply the procedure for finding anomalous dimen- 
sions outlined in Section 3.3 to this specific case, taking into account its symmetries, 
we conclude tlmt all the anomalous dimensions are in fact equal to  -112 and that 
the theory is conformal, i.e. both the gauge and superpotential couplings have van- 
ishing beta functions and (3.1) are satisfied. In order to  induce a non-trivial RG 
flow the theory has to  be deformed. One way of doing this is by the inclusion of 
fractional branes [17]. It is straightforward to see what kind of fractional branes can 
be introduced. 
In general, introducing fractional branes is done by determining, for a given quiver, 
the most general gauge groups consistent with anomaly cancellation. Now recall from 
(3.6), possible ranks of the gauge factors must reside in the integer nullspace of the 
intersection matrix. Therefore a basis for probe and fractional branes is simply given 
by a basis for this nullspace. For the conifold, we find that the most general gauge 
group is S U ( N  + 1V) x SU(N).  We will refer to  N as the number of probe branes 
and to M as the number of fractional branes. 
We see that indeed, for any non-vanishing M, there is no possible choice of anom- 
alous dimensions satisfying (3.1) and thus we are indeed moving away from the con- 
formal point. This case has been widely studied (see [17, 28, 291 and references 
therein) and leads to a duality cascade. What this means is that at  every step in 
the dualisation procedure of this now non-conformal quiver theory, one of the gauge 
couplings is UV free while the other one is IR free. As we follow the RG flow to the 
IR, we reach a scale at  which the inverse coupling of the UV free gauge factor van- 
ishes. At this point, one has to  switch to  a more suitable description of the physics, 
in terms of different microscopic degrees of freedom, by performing a Seiberg duality 
transformat ion on the strongly coupled gauge group. This procedure generates the 
duality cascade when iterated. Indeed, the tree of Figure 3-5 can be interpreted as 
representing a duality cascade resulting from the addition of fractional branes. 
3.4.1 Moving away from the conformal point 
Let us now study this cascade in detail, setting the framework we will later use to 
analyze cascades for general quiver theories. Recall, from (3. I ) ,  that a key ingredient 
required for the computation of the beta functions are the values of the anomalous 
dimensions. We have already provided a method to compute anomalous dimensions 
in the absence of fractional branes, that is, in a conformal theory, in Section 3.2. 
There is no analogue for such a procedure when the theory is taken away from con- 
formality. However it is possible to  work in a limit such that their values are under 
control and the beta functions that govern the RG flow can be computed to  some 
approximat~ion. Since M / N  measures the departure from conformal invariance, any 
anomalous dimension will be of the generic form 
where y, is its value for the conformal case of M  = 0. Now, this theory is symmetric 
under the transformation 
which, in the limit N / M  << 1 (i.e., we are taking a standard large N limit), simplifies 
to  
This indicates that,  in fact, a t  large N ,  y must be an even function in M / N  and so 
the expansion (3.10) has t o  start from the second order [17]: 
The expression (3.13) is of great aid to us as it gives us the control over the 
anomalous dimensions we were pursuing. Inspecting (3. l), we see that because the 
departlure of t'he 7's from their conformal values is of order ( l t ~ f / N ) ~  at large N, 
the order ( M I N )  contributions to the beta functions can be computed simply by 
substituting the anomalous dimensions calculated at  the conform;tl point into (3. I ) ,  
and using the gauge groups with the M  corrections. 
Let us be concrete and proceed to compute the cascade for this example. First let 
us consider the anomalous dimensions at  the conformal point where M = 0. They 
are the result of requiring the beta functions for both SU(N)  gauge groups and for 
the single independent coupling in the superpotential to  vanish in accordance with 
(3.1). In this case, these three conditions coincide and are reduced to 
where ?,,A (resp. yClB) is the critical value for the anomalous dimension for field A 
(resp. B). Once we take into account the symmetry condition ?,,a = yC,B, we finally 
obtain 
Y~ = -112 . (3.15) 
Now let us consider the beta functions for the gauge couplings in the non-conformal 
case of M # 0. They are 
Note that there is no solution to  the vanishing of these beta functions for M # 0. 
Replacing the anomalous dimensions at  the conformal point yc = -112 into (3.16) 
we obtain the leading contribution to  the beta functions 
Since the theory at any point in the cascade is given by the quiver in Figure 3-4 
with gauge group replaced by S U ( N  + (n + 1)M) x S U ( N  + n M )  for some n E Z 
(where the role of the two gauge groups is permuted at every step), we see that the 
gauge couplings run as shown in Figure 3-6, where the beta function for each gauge 
group changes from f 3 M  to F ~ M  with each dualization. In Figure 3-6 we use he 
standard notation to which we adhere throughout the chapter: the squared inverse 
couplings are denoted as xi = 1 lg? and the logarithm of the scale is t = log p. 
An important feature of this RG flow is that the separation between successive 
dualizations in the t axis remains constant along the entire cascade. We will see in 
Section 3.5.3 how the gauge theory for a D3-brane probing more general geometries, 
such as a complex cone over the Zeroth Hirzebruch surface, can exhibit a dramatically 
different beha,vior 
Figure 3-6: Rxnning of the inverse square gauge couplings xi = 4, i=1,2. against 
gi 
the log of energy scale t = logp, for the conifold. The distance between consecutive 
dualizations is constant and the ranks of the gauge groups grow linearly with the step 
in the cascade. 
3.5 Phases of Fo 
We are now well-equipped with techniques of computing anomalous dimensions, of 
duality trees arld duality cascades. Let us now initiate the study of some more 
complicatetl gauge theories. Our first example will be the D-brane probe theory on a 
complex cone over the zeroth Hirzebruch surface Fo, which is itself simply P1 x P1. 
There are some reasons motivating the choice of this theory. The first is its relative 
simplicity. The second is that its Seiberg dual phases generically have multiplicities of 
bifundamental fields greater than 2, whereby providing some interesting properties. 
Indeed, from the general analysis of [18,20], a qualitative change in a RG flow towards 
the UV behavior is expected when such a multiplicity is exceeded. Finally, as we will 
discuss later, this theory admits the addition of fractional branes. The presence of 
fractional brarles makes the theory non-conformal, driving a non-t rivial RG flow. All 
together, this theory is a promising candidate for a rich RG cascade structure. 
The duality tree in this case is shown in Figure 3-7. We have drawn sites that 
correspond to different theories with different colours; the colour-coded theories are 
summarized in Figure 3-8. Since the quiver has four gauge groups, there are four 
possible ways of performing Seiberg duality and thus there are four branches coming 
out from each node of the tree. The numbers on each branch corresponds to the node 
which was dualised. A novel point that was not present in the tree for dPo is the 
existence of closed loops. 
The possible existence of RG flows corresponding to these closed loops is con- 
strained by the requirement that the number of degrees of freedom increases towards 
the UV, in accordance to  the c-conjecture/theorem. As it was stressed for the dPo 
and the conifold examples, the duality tree for Fo merely represents the infinite set 
of conformal theories which are Seiberg duals. Non-vanishing beta functions and the 
subsequent RG flow are generated when fractional branes are included in the system. 
3.5.1 Fo RG flows 
In this section we will follow the RG flow towards the UV of the theory living on D3- 
branes probing Fo, with the addition of fractional branes to obtain a non-conformal 
theory. As in the conifold example, the possible anomaly free probe and fractional 
branes are determined by finding the integer null space of the intersection matrix that 
defines the quiver (3.6). This can be done for any of the dual quivers that appear 
in the duality tree, but the natural choice is the simplest of the Fo quivers as was 
done in [27] which is shown in Figure 3-8 as the first one (blue dot). The intersection 
matrix for this quiver is given by 
Figure 3-7: The "duality tree" of Seiberg dual theories for Fo. 
A suitable basis for the nullspace of (3.18) is vl = (1,1,1,1) and v2 = (0,1,0,1) .  
Therefore, the most generic ranks for the nodes in the quiver, consistent with anomaly 
cancellation, are 
Following the discussion in Section 3.4, we will refer to  N as the number of probe 
branes and M as the number of fractional branes. The theory is then conformal for 
M = 0 and non-conformal otherwise. For M # 0, there will exist an RG cascade. The 
specific path to  the UV is determined by the initial conditions of the flow, namely 
the gauge couplings at  a given scale Ao. As we will see, very different qualitative 
behaviours can be obtained, depending on these initial conditions. 
Figure 3-8: Some Seiberg dual phases for Fo. 
A crucial step in solving the conifold cascade was the identification of a symmetry 
that provided us with control over the anomalous dimensions in the MIN << 1 limit. 
It is possible to  find an analogous symmetry for Fo. Examining (3.19) we see that 
this theory is invariant under 
In the limit MIN << 1, this symmetry transformation becomes 
Up to now, we have only considered a single theory (the first quiver in Figure 3-8) 
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a,nd showed that for M / N  << 1 it is symmetric under (3.22). But the whole tree of 
Seiberg dual theories can be constructed using this model as the starting point. Since 
the transformations in (3.22) map the initial theory onto itself, the models derived 
from it by Seiberg duality are also invariant. Therefore, (3.22) constitute a symmetry 
of the entire tree. 
In analogy to  the conifold case this symmetry implies that,  for all the dual theories, 
the odd order terms in the M / N  expansion of the anomalous dimensions of all their 
bifundamental fields vanish and thus 
This means that the leading, O(M/N)  , non-zero contribution to  the beta functions 
can be computed using the anomalous dimensions calculated a t  the conformal point. 
Schematically, 
P(r) = P(rc) + ~ ( M I N ) ~  (3.23) 
for all the beta functions. 
The procedure outlined in Section 3.2 can thus be applied to  determine the con- 
formal anomal.ous dimensions, which then can be used to  work out the beta functions 
in the limit M / N  << 1 and study the running of the gauge couplings as we flow 
to  the UV. Let us do so in detail. The beta-functions in (3.1), for a quiver theory 
with k gauge group factors, ranks {n)i, adjacency matrix A, and loops indexed by 
h corresponding to gauge invariant operators that appear in the superpotential, now 
becomes 
where in the second expression PhEloops associated with the terms in the superpo- 
tential the index in the sum over ?hihi means consecutive arrows in a loop and d(h) 
is determined by 3 minus the number of fields in the loop. 
We will make liberal use of (3.24) throughout. For our example for the first phase 
of Fo, the ranks (nl ,  n2,  n3, n4) = (1,1,1,  I ) ,  together with intersection matrix from 
(3.18), (3.24) reads 
which admits the solution 
We see that there is one undetermined 7. To fix this we appeal to the maximization 
method presented in Section 3.2. The central charge (3.3) now takes the form (where 
7 4 , ~  is understood to mean 74.1. 
Upon substituting (3.26) into (3.27), we obtain 
the maximum of which occurs at  7 4 , l  = -$. And so we have in all, upon using (3.26), 
Let us remark, before closing this section, that there is an alternative, though 
perhaps less systematic, procedure to determine anomalous dimensions that does 
not rely on the maximization of a.  For every theory in the 6 cascade the space 
of solutions to  (3.25) is one dimensional. Fixing this freedom at any given point 
determines the anomalous dimensions in the entire duality tree. Maximization of the 
central charge a is a possible way of determining this free parameter. For Fo, a simple 
a.lternative is to make use of the symmetries of the theory (quiver and superpotential). 
Our theory (3.18) for example, instantly has all 7's equal by the Z4 symmetry of the 
quiver. Therefore, in conjunction with the solutions (3.26) to conformality, gives 
(3.29) as desired. Once the anomalous dimensions of theory (3.18) are determined, 
the freedom that existed in the conformal solutions of all the dual theories is fixed. 
This is done by matching the scaling dimensions of composite Seiberg mesons every 
time a Seiberg duality is performed and by noting that the anomalous dimensions of 
fields that are neutral under the dualized gauge group are unchanged. 
3.5.2 Closed cycles in the tree and cascades 
Now we wish to find the analogue of the conifold cascade in Section 3.4 here. For this 
we wish to look for "closed cycles" in the duality tree (Figure 3-7). In the conifold case 
the theory was self dual and we cascaded by adding appropriate fractional branes. 
Here we do indeed see a simple cycle involving two sites. We will call these two 
theories models A and B respectively and draw them in Figure 3-9. Model A is the 
example we addressed above. 
N+M N N+M N+2M 
Model A Model B 
Figure 3-9: Quivers for Models A and B. Model A corresponds to the choice of ranks 
(n l ,n2 ,n3 , r~4)A = N(1,1,1,1)  + M(O,1,0, I) ,  from which model B is obtained by 
dualizing node 3. It has ranks (n l ,n2 ,n3,n4)B = N ( l , l , l , l )  + M(O,1,2, 1) . 
The starting point will be model A,  its superpotential and the set of gauge cou- 
plings at a scale Ao. We recall from (3.29) that the anomalous dimensions at the 
conformal point are 71,2 = Y2,3 = ~ 3 , 4  = Y4,J = -112. This leacls to the following 
values for the beta functions for the 4 gauge group factors: 
These beta-functions are constants, which means that the running of xi, the inverse 
squared couplings as a function of the log scale is linear, with slopes given by (3.30). 
Let us thus run xi t o  the UV accordingly. We see that ,Dl and P3 are negative so at  
some point the inverse couplings for the first or the third node will reach 0. Which 
of them does so first depends on the value of the initial inverse couplings we choose 
for nl  and n3. We dualise the node for which the inverse coupling first reaches 0, say 
node 3. This will give us Model B. If instead node 1 has the inverse coupling going 
to  0 first, we would dualise on 1 and obtain a theory that is equivalent to  Model B 
after a reflection of the quiver (we can see this from Figure 3-7). 
Next we compute the anomalous dimensions for Model B at  the conformal point. 
In analogy to  (3.25) and (3.27) we now obtain y l , ~  = 73,, = y4,3 = y4,I = -112 and 
yz,4 = 1, which gives the beta functions for the next step: 
From these we run the couplings at  this stage again, find the node for which the 
inverse coupling first goes to 0. And dualise that node. We see a remarkable feature 
in (3.31). To the level of approximation that we are using, only the first gauge group 
factor has a negative beta function. This implies that the next node to  be dualized 
is precisely node 1. Performing Seiberg duality thereupon takes us t o  a quiver that 
is exactly of the form of Model A, only with the ranks differing in contributions 
proportional to  M ,  i.e., different fractional brane charges 
By iterating this procedure it is possible to see that the entire cascade corresponds 
to a chain that alternates between type A and type B models. Furthermore, the 
length of the even steps of the cascade, measured on the t = logp axis is constant. 
The same stat,ement applies to the length of the odd steps. This cascade is presented 
in Figure 3-10 for the initial conditions ( x l  , xz, x3, xq)  = ( 2 , l ,  1,O). 
Figure 3-10: Duality cascade alternating between the A and B toric models. 
3.5.3 Duality wall 
We have seen in Section 3.5.2 that models A and B form a closed cascade and are not 
connected t'o the other theories in the Fo duality tree by the RG flow, regardless of 
initial conditions. This motivates the study of duality cascades having other Seiberg 
dual theories as their starting points. The simplest choice corresponds to the model 
in Figure 3-11. This theory is obtained from Model A by Seiberg dualizing node 2 
followed by 1. We will call this Model C. 
3N N-M 
Figure 3-1 1: Model C for the Fo theory. It is obtained from dualising node 2 and 
then 1 from the simplest Model A. 
Decreases in the Step 
Applying the formalism developed in previous sections we can proceed to compute, 
for any initial condition, the RG cascade as the theory evolves to the UV. The starting 
point is the computation of the anomalous dimensions for Model C a t  the conformal 
point. These, by the techniques above, turn out to  be yl,2 = y1,4 = -312, y2,3 = 
74,3  = 512 and y,,, = -1. Using them to calculate the beta functions, we obtain 
With these let us evolve to the UV. Let us first consider the case in which the initial 
condition for the inverse gauge couplings are (xl , x2, x3 , 24) = (1,l ,1,O). Figure 3-12 
shows the evolution of the four inverse gauge couplings both as a function of the step 
in the cascade and as a function of the logarithm of the scale. An interesting feature 
Couplings vs. step Couplings vs. scale 
I '  . ' ' , '  " 1 
Figure 3-12: Evolution of gauge couplings with (a) the step in the duality cascade and 
(b) the energy scale for initial conditions (xl, 2 2 ,  x3, x4) = (1,1,1,0).  The colouring 
scheme is such that orange, black, green, and red respectively represent nodes 1, 2, 3 
and 4. 
is that the distance, Ai, between successive dualizations is monotonically decreasing. 
This marks a departure from the behaviors observed in the conifold cascade and from 
the example presented in Section 3.5.2, where Ai remained constant (cf. Figure 3- 
6). However, this fact does not necessarily mean the convergence of the dualization 
scales. Indeed, we plot the intervals Ai in Figure 3-13.a while Figure 3-13.b shows 
the resulting dualization scales. The slope of this curve is decreasing, reflecting the 
A vs. step Scale vs. step 
*a- 
Figure 3-13: The evolution of A ,  the size of the increment during each dualisation 
and the energy scale increase as we dualise, for the initial conditions (xl,  2 2 ,  x3, x4) = 
(171, 170)- 
decreasing behavior of A,. Nevertheless, ad infiniturn, the scale may diverge. 
A Duality Wall 
Let us now consider a different set of initial conditions, given by (xl, 2 2 ,  23, 2 4 )  = 
( l , 1 ,  4/5,0). The flow of the inverse couplings is now shown in Figure 3-14. 
Couplings vs. step Couplings vs. scale 
Figure 3-14: Evolution of gauge couplings with (a) the step in the duality cascade 
and (b) the energy scale for initial conditions (xl ,  x2, x3, x4) = ( I ,  1, 4/5,0). The 
colouring scheme is such that orange, black, green, and red respectively represent 
nodes 1, 2, 3 and 4. 
A completely new phenomenon appears in this case. Something very drastic 
happens after the fourteenth step in the cascade. As a consequence of lowering the 
initial value of x3, the third node gets dualized at  this step, producing an explosive 
growth of the number of chiral and vector multiplets in the quiver. This statement 
can be made precise: at the 14-th step node 3 is dualized and the subsequent quivers 
have all their intersection numbers greater than 2. In this situation the results of 
[18, 201 suggest that a duality wall is expected. This phenomenon is characterized by 
a flow of the dualization scales towards an UV accumulation point with an exponential 
divergence in the number of degrees of freedom. 
Figure 3-14 shows a very small running of the gauge couplings beyond this point. 
This is not due to a vanishing of the beta functions, but to the extreme reduction of 
the length of the Ai intervals. 
A vs. step Scale vs. step 
I '  ' ' ' ' 1 
Figure 3-15: The evolution of A ,  the size of the increment during each dualisation 
and the energy scale increase as we dualise, for the initial conditions (xl,  x2, x3, xq) = 
(1, 1, 41% 0). 
In contrast to  Figure 3-13, for the initial conditions (1,1,4/5, O ) ,  we have drawn 
the plots in Figure 3-15.a and Figure 3-15.b. Both of them indicate that a limiting 
scale which cannot be surpassed is reached as the theory flows towards the UV. This 
is precisely what we call a duality wall. 
3.5.4 Location of the wall 
We have just seen that starting from the quiver in Figure 3-11 for Fo with initial con- 
ditions (xl, x2, x3, x4) = (1,1,4/5,0)  a duality wall is reached. Let us briefly examine 
the sensitivity of the location of the duality wall to the initial inverse couplings. 
Let our initial inverse gauge couplings be (1, x2 , x3,0) , with 0 < 5 2  , 23 < 1, and 
we repeat the analysis of the previous two subsections. We study the running of the 
beta functions, and determine the position of the duality wall, tWall, for various initial 
values. We plot in Figure 3-16, the position of the duality wall against the initial 
values x2 and x3, both as a three-dimensional plot in I and as a contour plot in 11. 
We see that the position is a stepwise function. A similar behavior has been already 
observed in [20] for dPo in the case of vanishing anomalous dimensions. 
Figure 3-16: A plot of the position against the initial gauge coupling values 
(1, x2 , x3 , 0). (1) is the 3-dimensional plot and (11) is the contour plot versus xz and 
3.6 Conclusions 
We have presented a general framework for studying duality cascades in quiver gauge 
theories and used this technology to find an example of a duality wall for a gauge 
theory that can be realized in string theory. Subsequently to  this work, the authors 
of [30] studied duality cascades in the del Pezzo theories, and found partial super- 
gravity solutions dual to  these cascades. Similar results were also obtained for duality 
cascades in the Y p 7 9  theories, which we will discuss in Chapters 5 and 6, in [31]. 
Chapter 4 
Exceptional Symmeties in 4-d 
SUSY Gauge Theories 
4.1 Introduction 
In this chapter we turn our attention to global symmetries in the del Pezzo gauge 
theories, identifying the U (1) global symmetries for all the bifundamental fields and 
reformulating many features of these interesting theories in a Lie algebra language. 
We do this using topological data of the string theory background in which these 
theories are realized in conjunction with the AdS/CFT correspondence. 
One of the possible ways in which gauge theories can be engineered in String 
Theory is by considering the low energy limit of D-branes probes on singularities. 
When D3-branes are used to probe local Calabi-Yau threefolds, the resulting theory 
on their worldvolume is a N = 1, d = 4 quiver gauge theory. A large class of 
interesting geometries is given by toric singularities. The gauge group, matter content 
and interaction superpotential of the gauge theory are dictated by the underlying 
geometry. A particular class of interesting singularities is the one of complex cones 
over del Pezzo surfaces dP,. In [32] a map between bifundamental fields in certain del 
Pezzo quivers and 2-cycles in the geometry was established. Furthermore, a set of n 
global U (1) symmetries, together with the corresponding charges of the bifundamental 
fields were identified. The main objective of this chapter is to exploit this map between 
geometry and field theory in order t o  reformulate properties of the del Pezzo theories 
in a more symmetric manner. Interestingly, we find that the matter fields of these 
theories have U(1) charges that coincide with the Cartan elements of exeptional Lie 
algebras En and we are able to rewrite many features of the theories in terms of 
representations of these algebras. 
This structure, i.e. the grouping of matter fields into En representations and the 
resulting successful reformulation of several properties of the gauge theories in the 
language of group theory of these exceptional Lie algebras seems to point towards the 
existence of a fixed point with enhanced exceptional global symmetry for each of the 
del Pezzo theories. The enhanced En symmetry is hidden in the sense that it does 
not appear in the perturbative Lagrangian definition of the theories, and one can only 
argue for the existence of a superconformal fixed point where the symmetry is realized. 
For n = 6 ,7 ,8  this is of course to  be expected, since there are no known Lagrangians 
that manifest, this type of global symmetry. Examples of hidden global symmetry 
enhancement have been discovered in three and five dimensional gauge theories. In 
three dimensions, a N = 4 U(1) gauge theory with 2 charged hypermultiplets flows to 
a fixed point with enhanced SU(2) global symmetry and infinite gauge coupling [33]. 
More generally, the theories on D2 branes probing A D E  singularities of an ALE space 
are argued to possess a fixed point (at infinite gauge coupling) with hidden global 
symmetry of the corresponding ADE type [34]. In the T-dual picture one has three- 
branes suspended between NS fivebranes and the global symmetry can be seen as the 
gauge symmetry living on the NS fivebranes [35]. In five dimensions, the N = 1 gauge 
theory on a D4 brane probing a certain type I' background is shown to have a fixed 
point with enhanced En global symmetry, depending on the number of D8 branes 
in the background [36]. Here also the fixed point resides at  infinite gauge coupling. 
More examples can be found in [37] (see also [38]). The study of hidden symmetry 
enhancement in five dimensions can also be approached through (p, q) web techniques 
as in [39, 411 and the symmetry is made manifest in the string theory construction 
with the introduction of 7-branes [42]. The theories we have at  hand bear striking 
similarities to these examples, namely the appearance of the En Lie groups as hidden 
global symmetries and the realization of the enhanced symmetry only at  zero inverse 
gauge coupling. On the other hand, all the aforementioned examples are theories with 
eight supercharges in contrast to  the four supercharges of the theories on D3-branes 
probing cones over del Pezzo surfaces. To the best of our knowledge, this is the first 
example of gauge theories with N = 1 supersymmetry in four dimensions that may 
exhibit a hidden exceptional global symmetry. 
There are several problems that can be addressed once quivers are classified using 
global symmetries. An especially challenging task when deriving gauge theories that 
live on D-branes on singularities is the determination of the corresponding superpo- 
tentials. After organizing the matter content into representations, while ignoring their 
quiver gauge quantum numbers, the building blocks for superpotentials are given by 
invariant combinations of such irreducible representations. This is a key observation 
since, with this amount of supersymmetry, superpotentials are only affected by closed 
string complex moduli and will not be affected by changing Kahler moduli. As a re- 
sult it is possible to compute the superpotentials a t  the enhanced point were the full 
En symmet,ry is enhanced and restrict only to En invariants. Once the symmetry 
is broken by turning on gauge interactions some of the terms in the superpotential 
become non-gauge invariant and are projected out. We are left then with the gauge 
invariant projection of the original En symmetric terms. In particular, the compu- 
tation of superpotentials for non-toric del Pezzos is an interesting problem. We will 
see in this chapter how these superpotentials can also be derived by considering sym- 
metric combinations and, in some cases, using simple inputs regarding the behavior 
of the theory under (un) higgsings. 
As we proceed with the study of del Pezzo quivers, we will encounter a complica- 
tion. The matter content of some quivers does not even seem to fit into irreducible 
representations of the corresponding En group. We will see that it is still possible to  
treat all the examples within a unified framework, through the use of partial represen- 
tations. This idea simply states that the missing fields can be postulated to exist as 
massive fields, thus completing the representation to its actual size. Our tools allow 
us to identify all the quantum numbers of such missing states. A crucial ingredient 
in such a construction is the possibility to  add a global symmetry invariant mass 
term for these fields such that a t  energies smaller than this mass such fields will be 
integrated out and we will be left with what appears to  be a "partial representation". 
The outline of this chapter is as follows. In Section 4.2, we review how En symme- 
tries arise in del Pezzo surfaces, and we establish the general framework that will be 
used along the paper to  make these symmetries explicit in the corresponding quiver 
theories. In Section 3, we follow this methodology and, starting from dP3, construct 
the divisors associated to  bifundamental fields for all del Pezzo quivers up to dP6 
by performing successive blow-ups. We classify the bifundamental matter into irre- 
ducible representations of the global symmetry group and show how invariance under 
the global symmetry group determines superpotentials. Section 4.4 describes the con- 
cept of partial representations and shows in explicit examples how to determine which 
are the fields that are missing from them. In Section 4.5 we identify the blow-downs 
that take from dPn to dPn-1 with higgsing of the global symmetry group En down 
to En-I by a non-zero VEV in the fundamental representation. This offers a sys- 
tematic approach to the connection among theories for different del Pezzos. Section 
4.6 presents a simple set of rules for transforming the En representation content of a 
quiver under Seiberg duality. 
4.2 En symmetries and del Pezzo surfaces 
Let us have a look at  how exceptional symmetries appear in del Pezzo theories. Del 
Pezzo surfaces dP, are manifolds of complex dimension 2 constructed by blowing 
up P2 at n generic points, n = 0 , .  . . ,8 .  The lattice H2(dPn, Z) is generated by the 
set {D, El, E2, . . . , En). Here D is the pullback of the generator of H2 (P2, Z) under 
the projection that collapses the blown-up exceptional curves El, E2, . . . , En.  The 
intersection numbers for this basis are 
One can use a vector notation for the elements of H2(dPn, Z )  which will be useful 
later for counting dibaryons. In this notation the basis elements read 
D : (1 ,  0 ,  0 ,  ..., 0 )  
El : (0 ,  1,O7 ...,O) (4.2) 
E2 : ( O , O , l ,  ..., 0 ) ,  etc 
and the intersection numbers are computed by taking the scalar product between 
vectors using the Lorentzian metric diag (1 ,  - 1, . . . , - 1) .  
The first Chern class for dPn is cl = 3 0  - x,"=, Ei. The canonical class is 
Kn = -cl. The orthogonal complement of Kn according to the above intersection 
product is a natural sublattice of H2(dPn, Z ) ,  called the normal sublattice. There 
is an isomorphism between the normal sublattice and the root lattice of the En Lie 
algebra for n > 3. If we take as basis for this sublattice the set of vectors 
then the intersection numbers for the ai are 
where Aij is the Cartan matrix of the Lie Algebra En. Thus, the ai correspond to the 
simple roots of En. It is useful to  keep in mind that El = U ( l ) ,  E2 = SU(2)  x U ( l ) ,  
E3 = S U ( 2 )  x S U ( 3 ) ,  Eq = SU(5)  and E5 = SO(10) .  Given an element C of 
H2(dPn, Z ) :  we can assign a weight vector of En to  it, with Dynkin coefficients given 
by its projectiorl on the normal sublattice 
Let us now consider the quiver gauge theories that appear on a stack of N D3- 
branes probing complex cones over del Pezzo surfaces. For dPn, the gauge group 
is nk Z=I U(dilV) ,  where the di are appropriate integers and k = n + 3,  the Euler 
characteristic of the del Pezzo. The near horizon geometry of this configuration will 
be Ads5 x X5 where X5 is a U(1) fibration over the the del Pezzo surface dPn. The 
AdS/CFT correspondence [9, 10, 111 conjectures a mapping between operators in the 
conformal gauge theory and states of the bulk string theory. Although this mapping 
is not known in its generality, it has been sufficiently explored for the special case 
of BPS operators. One such class of operators are dibaryons [43, 151. These are 
generalizations of the usual baryons to theories with bifundamental matter. In the 
gravity dual dibaryons correspond to D3-branes wrapping certain 3-cycles in X5.  
These 3-cycles are holomorphic 2-cycles of dPn together with the U(1) fiber of X5. 
Therefore, it is possible to assign a curve in H2(dPn7 Z) to every dibaryon (32, 441 
(more details of this correspondence later). In the special case where the quiver theory 
is in the so-called toric phase1, i.e. when all the gauge group factors are SU(N),  there 
are some dibaryons which are formed by the anti-symmetrization of N copies of a 
single bifundament a1 field 
This can be repeated for every bifundamental field, allowing us to extend the 
correspondence between holomorphic 2-cycles (also called divisors) and dibaryons 
and assign an element of H2 (dPn , Z) to each bifundamental matter field in the quiver 
[32]. Thus, if Xap  is a bifundamental field extending from node a to node ,O in the 
quiver representation then we can associate to it an element Lap of H2(dPn, Z). In 
fact, the Lap of toric quivers can be written as differences of divisors La associated 
to the nodes. The precise nature of the node divisors was clarified in [44], where 
they were identified with the first Chern class of the sheaves in the dual exceptional 
collection associated to the quiver. This result has been generalized in [44] to the 
case in which the ranks of the gauge groups are not necessarily equal, yielding the 
following expressions 
lWe want to bring to the reader's attention the particular use we are making here of the concept 
of a toric phase. It simply refers to a quiver in which all di = 1, i.e. all the gauge groups are equal 
to SU(N) .  In particular, there can be toric quivers for non-toric del Pezzos, as we will see along the 
paper. 
where the sign refers to  the sign of (Lgldg - LaIda) cl. The supersymmetric gauge 
theories living on the stack of D3-branes probing these geometries are invariant under 
a set of global U(1) symmetries. One of these is the U(l)R symmetry which is 
part of the superconformal algebra. There are also n flavor U(1) symmetries under 
which the bifundamentals are charged. Dibaryons are correspondingly charged under 
these symmetries, thus we refer t o  them as baryonic U(1)'s. The aforementioned 
correspondence allows us to  readily calculate the charges of bifundamentals under the 
baryonic U(l) ' s  and U( l )R contained in the global symmetry group of the quivers. 
In particular, the R charge, being proportional t o  the volume of the 3-cycle wrapped 
by the D3-hrane in the dual geometry, is given by 
The global baryonic U(1) symmetries are gauge symmetries in the A d s  bulk, 
with the U(1) gauge fields coming from the reduction of the RR gauge field Cq on n 
independent 3-cycles of X5. The flavor currents Ji of these U(l) 's  must be neutral 
under the R-symmetry, which translates in the dual geometry as ,Ii Kn = 0. There- 
fore, the divisors Ji corresponding to these are elements of the normal sublattice and 
can be chosen to be the basis vectors cui defined in (4.3). The vector of U(1) charges 
for each bifundamental XaB is then 
qi = Lag . J,. (4.9) 
According to (4.5), these are (modulo an unimportant overa.11 minus sign) the 
Dynkin coefficients of the weight vector Lap. We can indeed compute the weight 
vectors for all the toric phases of the del Pezzos (and will in fact do so in Section 
3). What one finds using these weight vectors is that the bifundamental matter fields 
can be accommodated into irreducible representations of the En Lie algebra for each 
of these theories. The matter fields within a representation have the same R charge, 
which is characteristic of the representation. 
These theories also have nonzero superpot entials. Each term in the superpotential 
must be invariant under the U(1) flavor symmetries and have R-charge equal to  two. 
The superpotential for all these models can actually be written as the gauge invariant 
part of singlets of En formed by products of these irreducible representations. As we 
will see, this description makes it possible to  recast most of what is known about the 
del Pezzo theories, including superpotentials, Seiberg duality relations and higgsing 
relations, in an elegant group theoretic language. Although the global symmetry 
of these models at  a generic point in the moduli space is just the U(1)" x U ( l ) R  
symmetry, in the limit where all the gauge couplings g, -+ oo the full En symmetry is 
restored. This enhancement of the symmetry leaves its mark on the theory even for 
finite gi, if appropriately combined with the principle of gauge invariance. In fact, the 
U(1)" x U(1)R global symmetry algebra forms the Cartan sub-algebra of the affine 
algebra, E ~ ,  with U ( ~ ) R  being the Cartan element associated with the imaginary 
root of the affine algebra. It is important to  note that the sub-algebras which can be 
enhanced by tuning the inverse gauge coupling are always finite dimensional and, as 
usual, the affine algebra is never completely enhanced. It will be interesting to study 
the signature of the affine algebras on these quiver theories. 
4.2.1 The Weyl group and dibaryons 
Let C be an element of H2(dPn, Z) corresponding to a dibaryon state in dP,. The 
degree of this curve is defined as: 
k = -(K,. C ) .  (4.10) 
There is a natural action of the Weyl group of En on these curves that preserves their 
degree. If cui E H2 (dPn, Z) , i = 1, . . . , n is any of the simple roots in (4.3) then the 
corresponding Weyl group element acts on C as 
ajnd the curve produced by this action has the same degree k, because Kn . oii = 0. 
Thus, the curves of a given degree form a representation of the Weyl group of En. 
So there is some En related structure for dibaryon states at a generic point in the 
moduli space, even though they do not form complete En representations because of 
the requirement of gauge invariance in their construction. On the other hand, every 
representation of En is the union of irreducible representations of the Weyl group 
(Weyl orbits). For basic representations, i.e. representations whose highest weight 
vector has only one nonzero element, equal to one, it can be shown that they consist 
of a single nontrivial Weyl orbit (plus n Weyl singlets in the case of the adjoint). 
This means that for low levels k the dimensions of Weyl orbits and irreducible En 
representations coincide (modulo a difference of n for the adjoint). 
4.3 Global symmetry classification of quivers 
The discussion in Section 4.2 provides us with a systematic procedure to classify 
del Pezzo quivers according to the transformation properties of bifundamental fields 
under the corresponding En groups, which can be summarized as follows. The divisors 
associated to bifundamental fields are computed from the divisors assigned to the 
quiver nodes using (4.7). The baryonic U(1) and R charges are calculated from the 
intersection numbers of these divisors with the normal sublattice and the canonical 
class according to (4.9) and (4.8). The vector of U(1) charges for each of the matter 
fields in dP, is actually a weight vector of the En Lie algebra and, as we will see by 
computing them, these weight vectors form irreducible represent ations of En. 
In this section we will summarize the transformation properties under global sym- 
metries of bifundamental fields in different phases of gauge theories on D3-branes 
probing coniplex cones over del Pezzo surfaces. This information will be used in the 
subsequent sections of the paper. We will closely examine the toric phases of the del 
Pezzo theories, dP, for 3 < n < 6. 
The corresponding superpotentials of these theories are singlets under the global 
symmetry transformations. Thus, they can be written as a sum of products of irre- 
ducible represent at  ions, with the underst anding that from each of these products we 
consider the En singlet included in it and that only the gauge invariant terms in this 
singlet actually contribute to the superpotential. We will only write down those su- 
perpotential terms from which some contributions survive the projection onto gauge 
invariants, although sometimes more terms that are invariant under global transfor- 
mations can be written down. 
The only subtlety we encounter in using this description is the appearance of par- 
tial representations. This is just a name for groups of fields whose U(1) charges do not 
completely fill representations of En. A detailed discussion of partial representations 
is deferred to  Section 4.4. For now it will suffice to  say that the missing components 
in these representations are actually massive matter fields that do not appear in the 
low energy limit of the theory. 
In writing down these theories, we have decided to  number the gauge groups 
following the order of the corresponding external legs of the associated (p, q) webs (see 
[45, 461 for a description of the connection between (p, q) webs and 4d gauge theories 
on D3-branes probing toric singularities). This ordering is closely related to  the one 
of the associated dual exceptional collection. In fact, both ordering prescriptions are 
almost identical, differing at  most by a possible reordering of nodes within each block 
(set of parallel external legs in the (p, q) web description). 
There are different ways to  go about calculating the divisors associated to nodes 
and bifundamental fields in these quiver theories. According to  [44], the divisors 
corresponding to the nodes are the elements of a dual exceptional collection, obtained 
through a certain braiding operation from the exceptional collection used to  construct 
the quiver theory. We will follow here another procedure, also used in [32], which 
makes use of the fact that these phases are related to  one another by Seiberg dualities 
and/or higgsing. We can compute the divisor configurations starting from any of 
these models and using Seiberg duality and blowing down or blowing up cycles in the 
geometry, which means higgsing or unhiggsing the quiver theory respectively. We will 
primarily focus on toric phases. By the use of Seiberg dualities on selfdual nodes (i.e. 
nodes whose rank does not change upon dualisation) we can 'move7 among different 
toric phases of the theory, while the operation of blowing cycles up or down takes us 
from the dPn theory to  dPn+1 or dPn-1 respectively. The ways these operations act 
on the divisors are described in [32]. Here is a quick review of the rules for quivers in 
which all the gauge groups are equal to S U ( N ) :  
Seiberg duality: when a self-dual node a (i.e., for the class of quivers under 
consideration, a node with 2N flavors) is dualised, the divisor La changes to 
Lb, = Lo + L, - L, where p and y are the nodes where arrows starting from a 
end or, equivalently, where arrows that end at a begin. In the case of a double 
arrow, /3 and y can be the same. 
Blow-down: t o  blow down from dPn to  dPn-l we eliminate En from the divisors 
and identify the nodes that have the same divisor after the elimination. 
Blow-up: to  go from dPn-l t o  dPn we add a new node and attribute to it a 
divisor such that the field that is unhiggsed in the quiver corresponds to the 
divisor En that we blow up. Moreover, all other divisors can differ from their 
blown-down counterparts only by En. 
We now present the results of this classification for the toric phases of the del 
Pezzo theories, dPn for 3 5 n < 6. 
4.3.1 del Pezzo 3 
There are four toric phases for dP3, related to one another by Seiberg dualities [54]. 
For each of them we list the divisors corresponding to the noties and fields, the 
assignment of fields to  representations and the superpotential written as an E3 singlet. 
Model I 
This model has 12 fields. 
Node La 
The quiver diagram for this model is displayed in Figure 4-1. The fields are 
arranged in irreducible representations of E3 = SU (2) x SU(3) as shown in (4.13). The 
assignment is done by comparing the U(1) charges above with the Dynkin labels of the 
weight vectors of an E3 irreducible representation. We remind the reader that because 
of the difference in their definitions there is an overall minus sign difference that must 
be taken into account in this comparison. From now on, repeated representations will 
be identified with lowercase subscript (a, b, c, etc). 
Figure 4-1: Quiver dia- 
gram for Model I of dP3. 
Fields 
(x12~x23~x34~x45~x56~x61) 
(X13 7 x35 1 x51) 
(x24 x46) x62) 
The superpotential can then be written as 
m ( 2 )  x S U ( ~ )  
(2, 3, (4.13) (1) 3)a 
(173)b 
Model I1 
There are 14 fields in this phase. We can get it by dualising node 1 of the previous 
model. Again, we calculate the divisors and charges and compare them with E3 
weight vectors in order to  assign the fields to  representations. The results are shown 
in the tables below. 
Node La 
The quiver for this model is shown in Figure 4-2. The representation structure is 
shown in (4.16). 
Using this, we can write the superpotential as 
Fields I S U ( 2 )  x S U ( 3 )  
Figure 4-2: Quiver dia- 
gram for Model I1 of dP3. 
Model I11 
Dualising node 2 of Model I1 we obtain Model 111. This phase has 14 fields. 
Node L, 
Figure 4-3 shows the quiver diagram and Table (4.19) summarizes how the fields 
fall into representations. 
The superpotential for this theory can be written in an invariant form as 
Figure 4-3: Quiver dia- 
gram for Model I11 of dP3. 
Fields 
(X21 1 X64, x 2 3 7  x 4 3 7  x 6 2 ,  x 4 1 )  
(X15, X56, x 3 5 )  
(y15  y 5 6  y 3 5 )  
( x 5 4  x 5 2 )  
Model IV 
SU(2) x SU(3) 
( 2 1  3, 
( 1 7 3 ) a  
- 
( 1 , 3 ) b  
(a> l>  
There are 18 fields in this phase, which is produced by dualising node 6 of Model 111. 
Node La 
The table below shows how the fields are organized in representations. 
The superpotential is 
4.3.2 del Pezzo 4 
There are two toric phases for dP4. The organization of matter fields into E4 represen- 
tations is in this case more subtle than in the preceding examples. The classification of 
Figure 4-4: Quiver dia- 
gram for Model IV of dP3. 
these theories can be achieved with the same reasoning as before, by introducing the 
idea of partial representations. Partial representations are ordinary representations 
in which some of the fields are massive, being integrated out in the low energy limit. 
We will summarize the results in this section, and postpone a detailed explanation of 
partial representations to Sections 4.4 and 4.6. 
Model I 
This theory has 15 fields. 
Node 
Comparing the charges with weight vectors of SU(5)  representations we find the 
assignment tabulated in (4.25). 
Figure 4-5: Quiver dia- 
gram for Model I of dP4. 
Fields 
(x4.5, x23, x 4 6 ,  x 7 1 ,  x 3 6 ,  x247 x 5 7 1  x 3 5 7  x127 x 6 7 )  
(X51,  X727 X67, x13, x14) 
The superpotential is written in terms of singlets as 
su(5) 
10 
5 
One might wonder whether a lo5 term should be present in U'dP4,1. At first sight 
it appears as a valid contribution, since this product of representations contains an 
E4 singlet and we see from Figure 4-5 that it would survive the projection onto gauge 
invariant states. As we shall discuss in Section 4.5, this model can be obtained from 
Model I of d f i  by higgsing. All the gauge invariants in that theory are quartic. In 
particular, since there are no cubic terms, masses are not generated when turning on 
a non-zero vev for a bifundamental field. Then, we conclude that any fifth order term 
in WdP4,1 should have its origin either in a fifth or sixth order term in WdP5,r. Since 
WdP5,1 is purely quartic, we conclude that the lo5 is not present in WdP4,1. 
(4.25) 
Model I1 
Upon dualisation of node 7 of Model I we get Model 11. There are 19 fields in this 
model. 
Node 
This is the first example where partial representations appear. We will study this 
further in Section 4.4, and for the moment it will suffice to  say that the missing fields 
(indicated by asterisks in Table (4.28)) are massive and the terms containing those 
fields in the singlets forming the superpotential should be thrown out, as they are not 
a part of the low energy theory. 
Figure 4-6: Quiver dia- 
gram for Model I1 of dP4. 
Fields 
(x52, x74, x53, x76, x437 x75, x63, x42, X171 x62) 
(x21,x16, x31,x14,x15) 
(Y21, Y31, *, *, *) 
(X27, X37, *, *, *) 
The superpotential for this theory is 
80 
su(5) 
10 
5, 
partial 5b 
partial 5 
where the superpotential corresponds only to those Eq invariant contributions that 
survive the projection onto gauge invariant terms. The terms including the partial Sb 
representation are naturally understood to be truncated to fields actually appearing 
in the quiver. 
4.3.3 del Pezzo 5 
Let us study the three toric phases of dP5. Models I1 and I11 exhibit again the 
phenomenon of partial representations. 
Model I 
This model has 16 fields. 
Node La 
All sixteen fields here are accommodated in a single 16 representation of E5 = 
The superpotential consists simply of all quartic gauge invariants and can be 
written as 
Figure 4-7: Quiver dia- 
gram for Model I of dP5. 
Fields 
( X 8 l 7  x 5 7 ,  x 8 2 ,  x 3 6 ,  x467 x 7 2 ,  X587 X13, 
x 1 4 , x 7 1 7  x 4 5 7  x 3 5 7  x 2 3 ,  x 2 4 ,  x67, x68) 
Model I1 
SO(10) 
(4.31) 
16 
Model I1 is can be obtained by dualising node 5 of model I. The divisors and charges 
are as shown in the tables. 
Node  L 0 
The meson fields created by the dualization form a partial 10 representation of 
The superpotential is 
Model I11 
The last toric phase of dP5 is produced by dualising on node 6 of model I1 and has 
24 fields, arranged as follows. 
Figure 4-8: Quiver dia- 
gram for Model I1 of dP5. 
Fields 
( ~ 3 4 ~ ~ 3 5 ~ ~ 3 6 ~ ~ 7 1 , ~ 8 1 ~ ~ 2 6 ~ ~ 2 5 ~ ~ 4 7 ~  
x 4 8 ,  x 2 4 ,  x 5 7 , x 5 8 , x 6 7 ,  x 6 8 )  x 1 2 7  x 1 3 )  
@. 
",, 
( X 8 2 ,  X 7 2 ,  X 8 3 ,  X 7 3 ,  *, *, *, *, *, *) 
Node  La 
SO(10) 
16 (4.34) 
partial 10 
A second copy of the partial 10 representation appears here. 
Figure 4-9: Quiver dia- 
gram for Model I11 of dP5. 
Fields 
( x 6 1 ,  x 6 3 ,  x 6 2 ,  x 4 8 )  x 4 7 ,  x 5 2 ,  x 5 3 ,  x 1 7 ,  
~ 1 8 ~ ~ 5 1 ~ ~ 3 7 ~ ~ 3 8 ~ ~ 2 7 ~ ~ 2 8 ~ ~ 6 4 ~ ~ 5 4 )  
( X 8 5 , X 7 5 , X 8 6 ) X 7 6 ,  *, *, *, *, *I *) 
(Y857Y75, Y86, Y76, *, *, *, *, *, *) 
SO (1 0) 
16 (4.37) 
partial 10, 
partial lob 
The superpotential for this theory is 
Note that the global symmetry invariant term 1 6 ~  does not appear, since none of its 
components survives the projection onto gauge invariants. It is clear from looking 
at  the 3-block quiver in Figure 4-9 that there are no quartic gauge invariants in this 
case. 
4.3.4 del Pezzo 6 
The final model we study is the toric phase of dP6. There are some indications sug- 
gesting that this theory completes the list of toric phases of del Pezzo theories. In 
particular, the geometric computation of dibaryon R charges (the charges of bifun- 
damental fields can be derived from them) determines that, if all gauge groups were 
S U ( N ) ,  the least possible R-charge for a bifundamental field is one for dP7 and two 
for dP8. In this case, the superpotential for dP7 could only consist of quadratic mass 
terms, while it would be impossible to  construct a superpotential for dP8 [71]. Since 
we expect all del Pezzo theories to have nontrivial superpotentials, this seems to rule 
out such models. Some other particular features, that might be related to the pre- 
vious one, and differentiate dP7 and dP8 from the rest of the del Pezzos arise in the 
context of (p, q) webs [45, 461, where webs without crossing external legs cannot be 
constructed beyond dPs. 
The toric phase of dP6 has 27 fields. The associated divisors are listed in (4.39). 
N o d e  La 
All fields are accommodated in the fundamental 27 representation of E6, as shown 
in (4.41). The superpotential for this theory is simply 
Figure 4-10: Quiver dia- 
gram for dPs. 
Fields 
( x 8 1 , x 8 2 , x 8 3 , x 4 7 , x 5 7 ,  x 6 7 , x 9 3 , x 9 2 ,  x14 
x15, x16, ~ 9 1 ~ ~ 2 4 , ~ 2 5 ~ ~ 2 6 ~ X 3 4 ~ ~ 3 5 ~ ~ 3 6  
x69 x 5 9  x 4 9  x71, x72 7 x 7 3  7 x48 7 x58 x68) 
4.4 Partial representions 
E6 
27 
We have discussed how the matter content of the quiver theories for each dPn can 
be arranged into irreducible representations of the corresponding En group. The 
superpotential can therefore be expressed as the gauge invariant part of a combination 
of fields invariant under the global symmetry transformations. Our discussion of this 
classification will be extended in Section 4.6, where we will study how to relate the 
represent at ion content of Seiberg dual theories. 
In Section 4.3, we encoutered some examples (Model I1 of dP4, and Models I1 and 
I11 of dP5) that seem to challenge the applicability of our classification strategy. We 
mentioned there that in these cases we have to go a step further and consider partial 
representations, and postponed the explanation to this point. The purpose of this 
section is to give a detailed description of the concept of partial representations and 
to show that they are a natural construction that enables us to study all the toric 
del Pezzo quivers from the same unified perspective. We will devote this subsection 
to explaining the simple rules that can be derived for these theories from a field 
theory point of view. The next subsection will sharpen these concepts but bases the 
discussion on the geometry of partial representations. 
Theories with partial representations are those in which it is not possible to 
arrange matter fields so that the corresponding En representations are completely 
filled. Naively, it is not clear what are the transformation properties that should be 
assigned to fields that seem not to fit into representations in these cases. It is not 
even clear that they can be organized into irreducible representations at all. As we 
will discuss, this situation neither implies a loss of predictive power nor that these 
models are exception1 cases outside of the scope of our techniques, since in order for 
partial representations to exist, very specific conditions have to be fulfilled. 
The idea is to find those fields that seem to be absent from the quiver, and 
that would join the fields that are present to form irreducible En representations. 
These bif~nda~mental fields should appear in representations and have gauge charges 
such that, following the rules given in Section 4.3, quadratic terms appear in the 
superpotential. That is they can form quadratic invariants of the global symmetry 
group and, in quiver language, they appear as bidirectional arrows. These symmetric 
terms give masses to the fields under consideration, removing them from the low 
energy effective description. 
Following the previous reasoning, partial representations appear in such a way 
that the same number of fields are missing from those representations that form 
quadratic terms. In some cases it is possible for the missing fields to lie on the same 
representation, which combines with itself to form a quadratic invariant. When this 
occurs, the number of missing fields is even. The R charges of fields in representations 
that combine into quadratic invariants and become partial representations add up to 
2. Thus, for the specific case of self-combining representations, they should have 
R = 1 in order to be capable of becoming partial. 
These general concepts are sufficient to classify the quivers into represent at ions, 
but do not indicate which are the precise nodes that are connected by the miss- 
ing fields. One possible way to determine them uses the assignation of divisors to 
bifundamental fields and is the motive of the next subsection. 
4.4.1 The geometry of partial representations 
An important question is what the location in the quiver of the fields that are needed 
in order to  complete partial representations is. As we discussed in the previous 
section, fields missing from partial representations form bidirectional arrows and are 
combined into quadratic mass terms. 
The lists in Section 3 summarize the baryonic U(1) and R charges of the fields that 
are present in the quiver. For each arrow, these numbers indicate the intersection of 
its associated divisor with the n + 1 curves in the non-orthogonal basis of (4.3). Thus, 
these charges define a set of n + 1 equations from which the divisor associated to  a 
given bifundamental field can be deduced. Furthermore, as explained in Section 2, 
the n flavor charges correspond to the Dynkin components of each state. Then, the 
Dynkin components of t,he missing fields can be inferred by looking for those that are 
absent from partial representations. Once these charges are determined, they can be 
used together with the R charge of the representation to  follow the process explained 
above and establish the divisors for the missing fields. 
Based on the divisors that correspond to  each node, (4.7) gives the divisors for 
every possible bifundamental field. Comparing them with the ones for missing fields 
we determine where they are in the quiver. Let us remark that the examples in Section 
4.3 show us that different bifundamentals can have the same associated divisors. In 
the cases we will study, it is straightforward to  check that such ambiguity does not 
hold for the fields we are trying to identify. 
Let us consider the example of Model I1 of dP4. There are 19 fields in this theory. 
Some of them form a full 10 and a full 5 representations. There are four remaining 
fields that cannot be arranged into full representations of E4. From the Dynkin 
components in (4.27), we conclude that Xz7 and X37 sit in an incomplete 5, while 
Y21 and Y3i are part of a 5. There are six missing fields that should complete the 
5 and 5.  The Dynkin components (U(1) charges) that are needed to complete the 
representations can be immediately determined. They are listed in the second column 
of (4.42). From those, the divisors in the third column are computed. The divisors 
for each node in the quiver appear in (4.27). Using them, we determine the nodes in 
the quiver that are connected by the missing fields. 
The quiver with the addition of these extra fields is shown in Figure 4-1 1. 
Figure 4-11: Quiver diagram for Model I1 of dP4 showing the fields that are missing 
from partial representations (bidirectional arrow). 
(4.42) 
Now that we have identified the fields that are missing from the partial repre- 
sentations, we can rewrite the superpotential for this model in an expression that 
includes all the fields in the theory, both massless and massive. It becomes (note the 
mass term for the 5 and Sb representations) 
Representation 
5 
5 
wII = [ lo  @ 5,  @ 5, + 10 @ 10 @ 5 + 10 @ 5,  @ sb] + 10 @ S b  @ Sb + 5 @ Sb (4.43) 
( J l ,  J 2 , J 3 ,  J 4 , R )  
( - l , l ,  o,o, 4/51 
(o,o, - l , l ,  4/51 
( 0 , 0 , 0 ,  -1 ,4 /5 )  
( 1 ,  - 1 , 0 , 0 ,  6/51 
(07  O7 1,  -1,615) 
(o,o, 0 , 1 , 6 / 5 )  
Divisor 
D - E 2  
D - E4 
2 0  - E l  - E2 - Eg - E4 
2 0 -  E l  - E 3  - E 4  
2 0  - E l  - E 2  - E 3  
D 
The products of representations between brackets are already present in (4.29). 
Keeping in mind that some of the fields in the 5 and Sb remain massless, it is straight- 
forward to prove that the previous expression reduces to  (4.29) (which only includes 
massless fields) when the massive fields are integrated out. 
Bifundamental 
Yls 
y14 
y15 
x s  1 
X 4  1 
x5 1 
Let us now consider a different example. In Model I1 of dP5, fields within a 
single representation are combined to form quadratic terms. The procedure described 
above can be applied without changes to this situation. The first step is to  identify the 
Dynkin components and R charge of the missing fields. From them, the corresponding 
divisors are computed. Finally, the gauge charges of the missing fields are determined. 
This information is summarized in Table (4.44). 
Figure 4-12 shows where the fields that are missing from the partial 10 appear in 
the quiver for Model I1 of dP5. 
Figure 4-12: Quiver diagram for Model I1 of dP5 showing the fields that are missing 
from partial representations (bidirectional arrow). 
Bifundamental 
x14 
x15 
x16 
x4 1 
x5 1 
x61 
(Jli J2? J3r J47 J5r R, 
(-Il O 7  O1 O 7  O 7  I1 
( I 7  - I7  o7 o7 o7 1) 
(07 l7  - I7  o7 o7 1) 
(17 07 01 07 07 1) 
(-I7 I >  O1 O 7  O1 I) 
(07 -1) l l  ol o7 1) 
Divisor 
2D - E2 - E3 - E4 - E5 
2 0  - El - E3 - E4 - E5 
2D - El - E2 - E4 - E5 
D - El 
D - E2 
D - E3 
Including the massive fields, we can write the superpotential as 
which reproduces (4.35) when integrating out those fields in the 10 representation 
that are massive. 
4.4.2 Partial representations and En subgroups 
It is possible to make a further characterization of theories with partial representations 
using group theory. This is attained by considering the transformation properties of 
fields, both present and missing from the quiver, under subgroups of En. These 
subgroups appear when some of the nodes in a quiver theory fall into blocks. For a 
block containing ni nodes, a subgroup SU(ni) of the enhanced global symmetry En 
becomes manifest. In the general case, the manifest subgroup of the enhanced global 
symmetry will be a product of such SU(ni) factors 2 .  A matter field is charged under 
one of these factors if it is attached to one of the nodes in the corresponding block. 
Let us see how this works in the quivers where partial representations appear. 
The first example is Model I1 of dP4. Its quiver, shown in Figure 4-6, features 
two blocks, with two and three nodes each. The corresponding subgroup of Eq is 
SU(2) x SU(3). There are two partial representations, a 5 and a 5. The way they 
decompose under this subgroup is 
The fields which do not appear in the low energy limit are the ones in the (1,3) and 
(1,s) and run from nodes 4, 5, 6 to  node 1 and vice versa, as was derived in Section 
4.4.1. These fields form a quadratic gauge invariant which is a mass term and is the 
singlet in the product (1,3) @ ( I ,? ) .  The singlet in ( 2 , l )  @ ( 2 , l )  is not gauge invariant 
2dPn quivers have n + 3 nodes. For each block of ni nodes, the associated SU(ni) factor has rank 
i z i  - 1. Thus, we see that for the specific case of 3-block quivers the sum of the ranks of the three 
SU(n i )  factors is n, corresponding to a maximal subgroup of the correspondirig En. 
so these fields are massless and make up the partial representations. The important 
observation is that fields present and missing from the quiver can be organized in 
representations of these relatively small subgroups of En, their classification becomes 
simpler. 
A similar situation occurs for Model I1 of dP5, depicted in Figure 4-8. The sub- 
group here is SU(2) x SU(2) x SU(3) and we have a partial 1 0  representation which 
decomposes as 
10 + (2,2, 1) + (1, 173)  + (1, 1,3).  (4.47) 
The missing fields are the ones in (1,1,3) and (1,1,3), extending from node 1 to nodes 
4 ,5 ,6  and vice-versa respectively in the quiver. As before, the singlet of (1,1,3) 8 
(1,1,3) is a quadratic gauge invariant that makes these fields massive. 
The last example where partial representations occur is Model I11 of dP5. This 
is a three block model and the manifest subgroup of E5 is SU(2) x SU(2) x SU(4), 
which is maximal. The 1 0  of SO(10) breaks as 
The four fields that appear in each of the two partial lo ' s  are the ones in (2,2,  I ) ,  
running from nodes 5, 6 to  nodes 7, 8. The matter fields in (1,1,6) are charged 
only under the SU(4) factor and thus cannot extend between two blocks of nodes. 
These fields run between pairs of nodes in the SU(4) block (there are exactly six 
distinct pairs). The fields coming from the two partial representations run in opposite 
directions making the arrows between the nodes bidirectional. The corresponding 
superpotential terms are given by the singlet of (1,1,6) 8 (1,1,6)  and make the fields 
massive. 
4.5 Higgsing 
It is interesting to understand how the gauge theories for different del Pezzos are 
related to each other. The transition from dP, to dPn-l involves the blow-down of a 
2-cycle. This operation appears in the gauge theory as a higgsing, by turning a non- 
zero VEV for a suitable bifundamental field. The determination of possible choices 
of this field has been worked out case by case in the literature. 
The (p, q) web techniques introduced in [46] provide us with a systematic ap- 
proach to the higgsing problem. In these diagrams, finite segments represent compact 
2-cycles. The blow down of a 2-cycle is represented by shrinking a segment in the 
web and the subsequent combination of the external legs attached to  it. The bifun- 
damental field that acquires a non-zero VEV corresponds to the one charged under 
the gauge groups associated to the legs that are combined. The reader is referred 
to  [46] to  a detailed explanation of the construction, interpretation and applications 
of (p, q) webs in the context of four dimensional gauge theories on D3-branes on 
singularities. (p, q) webs are traditionally associated to  toric geometries, since they 
represent the reciprocal lattice of a toric diagram (see [73] for a recent investigation 
of the precise relation). Nevertheless, their range of applicability can be extended to 
the determination of quivers [45] and higgsings of non-toric del Pctzzos. 
In this section, we will derive all possible higgsings from dP, down to dPn-l 
using (p, q) webs. The passage from dP3 to  dP2 will be discussed in detail, and the 
presentation of the results for other del Pezzos will be more schematic. After studying 
these examples, it will be clear that this determination becomes trivial when using 
the information about global symmetries summarized in Section 3. The problem can 
be rephrased as looking for how to higgs the global symmetry group from En to  En-, 
by giving a non-zero VEV to a field that transform as a non-singlet under En. We 
will conclude this section by writing down the simple group theoret ic explanation of 
our findings. 
4.5.1 Del Pezzo 3 
As our first example, we proceed now to  determine all possible higgsings from the 
four phases of dP3 down to the two phases of dP2. 
Model I 
The (p, q) webs representing the higgsing of this phase down to dP2 are presented 
in Figure 4-13. We have indicated in lighter color, the combined external legs that 
result from blowing down Zcycles. All the resulting webs in Figure 4-13 are related 
by SL(2, Z) transformations, implying that in this case it is only possible to  obtain 
Model I1 of dP2 by higgsing. 
Figure 4-13: (p, q )  webs describing all possible higgsings from Model I of dP3 down 
to  dP2. 
From the external legs that have to be combined in the (p, q )  webs in Figure 4- 
13, we conclude that the lowest component of the following bifundamental chiral 
superfields should get a non-zero VEV in order t o  produce the higgsing 
We notice that these fields form precisely a (2 ,3) ,  i.e. a fundamental represen- 
tation, of E3 = SU(2) x SU(3). We will see that the same happens for all the del 
Pezzos. 
Model I1 
The (p, q )  web diagrams for this model are shown in Figure 4-14, along with the 
possible higgsings. 
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Figure 4-14: (p, q )  webs describing all possible higgsings from Model I1 of dP3 down 
to dP2. 
It is important to  remind the reader of the node symmetries that appear in the 
gauge theory when parallel external legs are present [46]. This situation appears 
in this example, and we have drawn only one representative of each family of (p, q )  
webs related by this kind of symmetries. In the language of exceptional collections, 
each set of pa,rallel external legs corresponds to a block of sheaves. The full list of 
bifundamental fields associated to the higgsings in Figure 4-14 is summarized in the 
following list 
Model I11 
Figure 4-15 shows the (p, q )  webs describing the higgsings of this phase. Once again, 
we have included only one representative of each set of webs related by node symme- 
tries. 
Then, we have the following set of fields that produce a higgsing to dP2. 
Figure 4-15: (p, q) webs describing all possible higgsings from Model I11 of dP3 down 
to dP2. 
x 6 4 ,  x65 4 Model I 
+ (293) 
X42, X43, X52, X53 -+ Model 11 
Model IV 
Finally, for Model IV of dP3, we have the webs shown in Figure 4-16 
Figure 4-16: (p, q) webs describing all possible higgsings from Model IV of dP3 down 
to dP2. 
Indicating that the following fields can take us from this phase to  dP2. 
Having studied the four toric phases of dP3, we see that for all of them the fields 
that produce a higgsing down to dP2 are those in the fundamental (2,3) representation 
of E3 = SU(2) x SU(3). We will show below how the higgsing of all other del Pezzos 
is also attained by a non-zero VEV of any field in the fundamental representation of 
En 
4.5.2 Del Pezzo 4 
Let us now analyze the two toric phases of dP4. 
Model I 
A possible (p, q) web for this model is the one in Figure 4-17. From now on, for 
simplicity, we will only present the original webs but not the higgsed ones. From 
Figure 4- 17, we determine the following higgsings 
Figure 4-17: (p, q) web for Model I of dP4. 
X35 , X36 , X45 , X46 Model I 
X23 1 X24 1 X57 7 X67 -$ I1 (4.53) 
X12 , X71 -+ Model I11 
As expected, the fields that higgs the model down to some dP3 phase form the 
fundament a1 10 representation of E4. 
Model I1 
The (p, q) web for Model I1 is presented in (4-18). 
The higgsirigs in this case become 
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Figure 4-18: (p7 q) web for Model I1 of dP4. 
X 4 2 ,  X52 7 X62 7 X43 X53 7 X63 * 'I 
x 7 4  , x75 x76 -+ Model I11 
x17 -+ Model IV 
4.5.3 Del Pezzo 5 
There are three toric phases for dP5. We study now their higgsing down to dP4 
Model I 
The web diagram corresponding to this theory is shown in Figure 4-19. From it, we 
see that the fields that can take us to dP4 by getting a non-zero VEV are 
Figure 4-19: (p, q) web for Model I of dP5. 
Model I1 
The web in this case is shown in Figure 4-20. 
6 5 4  
Figure 4-20: (p, q) web for Model I1 of d P 5 .  
The fields that higgs the theory down to dP4 are 
x 2 4 ,  x 2 5 ,  x 2 6  x 3 4  7 x 3 5  , x 3 6  , x4'7 , x 5 7  7 x67 7 x48 7 x58 7 x68 I } -16 
x 1 2  , x 1 3  , X717 x81 -+ Model I1 
Model I11 
From the (p, q )  web in Figure 4-21, we see that the following fields higgs the theory 
down to dP4 
Figure 4-21: (p, q) web for Model I11 of dP5 
4.5.4 Del Pezzo 6 
Finally, we present the web for dP6 in Figure 4-22, from where we read the following 
higgsings 
1 2  
6 5 4  
Figure 4-22: (p, q )  web for dP6. 
4.5.5 Higgsing global symmetry groups 
The results above show that,  once the we classify quiver theories using their global 
symmetry groups, the identification of higgsings that correspond to blow-downs of the 
geometry becomes straightforward. In particular, we have seen for each dPn quiver 
theories that turning on a non-zero VEV for any component field of the fundamental 
representation reduces the enhanced global symmetry from En to En-1 and produces 
a toric phase of dPn-l- 
In the previous section, we established which fields produce the desired higgsing 
with the aid of (p, q )  webs, and discovered that in all cases they form the fundamen- 
tal representation of the corresponding En group. In fact, it is possible to  determine 
which representation to  choose for higgsing using solely group theoretic considera- 
tions. Generically, more than one representation are present in a given quiver theory. 
The representations that appear are always basic, meaning that their highest weight 
vectors are simple roots of the algebra. The clue to  the right representation is provided 
by the Dynkin diagrams for the En Lie algebras. The higgsing, and the corresponding 
enhanced symmetry breaking En -+ En-I can be depicted as the removal of a certain 
node from the En Dynkin diagram. The representation that must be used for the 
higgsing is the one corresponding to  the removed node, in the sense that its highest 
weight vector is equal to  the root corresponding to this node. Practically this means 
that the higgsed representation must contain a matter field with only one non-zero 
U(1) charge in the same position as the removed node in the Dynkin diagram3. The 
numbering of the nodes in the Dynkin diagram is unique in the basis of U(1)'s that 
we have chosen, leaving no space for ambiguity. 
Let us now discuss the blow-down as a Higgs mechanism in four dimensions. As 
explained in previous sections, we go down from dP, to  dPn-1 by blowing down one 
of the exceptional divisors Ei (i = 1 .  . . n - 1) of the del Pezzo. In fact, by acting on 
the Ei 's with the Weyl group of En, other possible choices of cycles to  blow down are 
generated. As we have seen, all these divisors form the fundamental representation 
of En and give precisely the divisors Lap of the bifundamentals X,,p that can be used 
to appropriately higgs the gauge theory to one for dPn-l. The bifundamental fields 
Xap transform in the (N, N )  representation of the four dimensional gauge groups 
SU(N)(,) x SU(N)(B) of the nodes they connect. Blowing down Lap corresponds to 
Xap getting a VEV proportional to  the N x N identity matrix, higgsing SU(N)(,) x 
SU(N)(o) tlo the diagonal subgroup. The non-zero VEV introduces a scale in the 
otherwise conformal field theory, and the new quiver will correspond to a new fixed 
point a t  the IR limit of the renormalization group flow. 
4.6 Global symmetries and Seiberg duality 
Section 3 explained how to determine the divisors associated to bifundamental fields 
when blowing-up or blowing-down 2-cycles or when performing a Seiberg duality. 
We also saw there how the intersections with the divisors generating the U (1) flavor 
symmetries determine the En Dynkin labels for each bifundamental field. Therefore, 
3 ~ h e  case Eg -+ E2 is slightly special, in that we have to remove two nodes from the (dis- 
connected) Dynkin diagram. An obvious generalization of the described procedure shows that the 
representatiori we have to higgs is the (2,3). 
given the representation structure of an original gauge theory, it is possible to  de- 
termine how a Seiberg dual quiver is organized into En representations, by carefully 
following this algorithm. 
The purpose of this section is to  give a straightforward alternative procedure to 
determine the transformation properties under global symmetries of fields in a Seiberg 
dual theory. It consists of three simple rules, which have their origin in how En sym- 
metries are realized in the quivers, and also admits a geometric interpretation. Before 
going on, it is important to remind the reader the key fact that the bifundamental 
fields transforming in an irreducible representation of the En global symmetry group 
do not necessarily have the same gauge quantum numbers (i.e. they can be charged 
under different pairs of gauge groups). 
The three steps to deduce the representation structure of a theory based on that 
of a Seiberg dual are: 
Step 1: Fields that are neutral under the dualized gauge group remain in 
the same representations. Some places in those representations might be left 
empty by the fields (otherwise known as dual quarks) that are conjugated (their 
transformation properties are yet to be determined) and by fields that become 
massive. If the representation is such that it cannot appear in partial form (i.e. 
it is not possible to  combine it with other representation or with itself to form 
a quadratic invariant), these places will be completed either by meson fields or 
the conjugated ones (dual quarks). 
Step 2: Seiberg mesons appear in the product of the representations of the con- 
stituent fields. The precise representation is chosen from all the ones appearing 
in the product by requiring that those superpotential terms that include the 
mesons are singlets under the global symmetry group. The geometric inter- 
pretation of this step is that the divisor associated to mesons is given by the 
composition of the two divisors corresponding to the component fields. As we 
studied above, the requirement that the superpotential terms are En singlets 
is translated to the geometric condition that the associated divisor lays in the 
canonical class. 
Step 3: The representations for the conjugated fields are determined by re- 
quiring that the cubic meson terms added to the superpotential are singlets of 
the global symmetry group. When doing so, it is very useful to choose these 
representations based on the entries that were left vacant at step (I),  if this is 
possible. Once again, the geometric perspective is that the sum of the divisors 
appearing in a superpotential term should be in the canonical class. 
We will now use this technique to determine the global symmetries for all toric 
phases starting from one of them, for del Pezzo surfaces from dP3 to dP5. As we 
will see, the results obtained this way are consistent with the Dynkin components 
assignations listed in Section 4.3, obtained using the geometric prescription. 
4.6.1 Del Pezzo 3 
Let us start by applying the above rules to the case of dP3, deriving the symmetry 
properties of Models 11, I11 and IV from Model I. 
Model I1 of dP3 
Model I1 is obtained from Model I by dualizing node 1. 
We get 
x12 -$ x21 x13 -$ x31 
x51 -) x15 x 6 1  j x 1 6  
and the following mesons are added 
Applying the stepwise procedure described above: 
Step 1: 
One of the (1,s) representations has completely disappeared, while the other 
one stays unchanged. Note that M53 and X35 become massive and are in complex 
conjugate representations. 
Step 2: 
Step 3: 
In order to determine the transformation properties of Xz17 X317 X15 and X16, we 
study the meson terms in the superpotential 
Thus, we conclude that 
Putting all these results together 
which becomes (4.16) after relabeling the gauge groups according to  (1 r2 ,374r5 r  6) + 
( 4 r 6 r 5 7  3,2.1).  
Model I11 of dP3 
Model I11 is obtained by dualizing node 5 of Model 11. The dual quarks are 
The Seiberg mesons are 
The following fields become massive and are integrated out: X3ir M13 X4i and 
Mi4. Let us now apply our set of rules. 
Step 1: 
Step 2: 
Step 3: 
We now determine the representations for X51, X56, X35 and X45. The new terms 
in the superpotential are 
Then, 
Putting all the fields together we have 
which becomes (4.19) after renaming the gauge groups according to (1,2,3,4,5,6)  --+ 
(6,2,3,1,4,5) .  
Model IV of dP3 
Model IV can be obtained for example by dualizing node 6 of Model 111. Then, 
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The following mesons are added 
There are no fields that become massive in this case. 
Step 1: 
Step 2: 
Meson fields transform according to 
Step 3: 
We determine the representations for X46, X56, X61 and Y61 by requiring the meson 
superpotentrial terms to be invariant 
And we see that 
leading to  
that reduces to  (4.22) by renaming (1 ,2 ,3 ,4 ,5 ,6)  --+ (6,1,3,5,4,2) .  
4.6.2 Del Pezzo 4 
We will now derive the global symmetry properties of Model I1 of dP4 from those of 
Model I. 
Model I1 of dP4 
The preceding examples show in detail how to operate with the rules in Section 4.6 
and classify the matter content of dual theories according to  their global symmetry 
properties. We will now move on and apply our program to Model I1 of dP4. This 
example is of particular interest because, as we mentioned in Sections 4.3 and 4.4, it 
is the first one to exhibit partial representations. 
We obtain Model I1 by dualizing Model I on node 7. As usual, those bifundamental 
fields that are charged under the dualized gauge group reverse their orientation 
The following meson fields have to be incorporated 
There are no fields in this theory that become massive, so we end up in a theory 
with 19 fields. At this point, we see the first indications that this model is rather 
peculiar since, as long as singlets are not used, it seems impossible to arrange these 
19 fields into a combination of SU(5) representations. Let us apply the three step 
program as before. 
Step 1: 
Fields s u ( 5 )  
(X45, X23, X46, *, X36, X24r *, X35i X127 *) 10 
( ~ 5 1 ,  * r  X61r X13, X14) 5 
Step 2: 
Both the 5 and 5 representations will be partially filled with two fields each. The 
same number of fields are missing in both representations, as explained in Section 
4.4. 
Step 3: 
Looking at the superpotential terms 
we see that 
and we obtain (4.28). We thus see that partial representations appear naturally when 
we study the transformation of theories under Seiberg duality. 
4.6.3 Del Pezzo 5 
We will obtain in this section the global symmetry structure of Models I1 and I11 of 
dP5 from Model I. 
Model I1 of dP5 
Model I1 is obtained by dualizing Model I on node 2. 
The following mesons appear 
No fields become massive. 
Step 1: 
Step 2: 
Step 3: 
The representations for X32, X42, X27 and X28 are determined by considering the 
superpotential terms 
Thus, 
X32,X42,X27,X28 E 16 
aJnd we conclude that the matter is arranged as in (4.34). 
Model I11 of dPs 
Dualizing Model I1 on node 1 we get Model 111. 
The Seiberg mesons are 
There are no massive fields. 
Step 1: 
SO(10) 
16 
partial 10 
Step 2: 
Step 3: 
Looking at the following superpotential terms, we determine the represent a t  ions 
for X17, X18 7 X21 and X31. 
Then, 
and we recover (4.37). 
4.7 Conclusions 
We have identified the global symmetries of the gauge theories on D3-branes probing 
complex cones over del Pezzo surfaces dP, , 3 5 n < 6. This has been possible due to  
the association of divisors in the del Pezzo surface to  every bifundamental field in the 
quiver. The correspondence between bifundamental fields and divisors follows from 
the analogous correspondence for a special class of dibaryon operators. Each of them 
is constructecl by antisymmetrizing the gauge indices of a single bifundamental field 
in the quiver. For each dPn , 3 5 n 5 6, the global U(1) charges of the bifundamental 
matter of the theories are the sets of Dynkin coefficients in irreducible representations 
of En. We presented the results in Section 4.3. This structure has been obscure in 
the past due to the fact that,  in general, irreducible representation of En are formed 
by bifundamental fields charged under different pairs of gauge groups. 
We encountered some theories in which the matter content seems, a t  a first glance, 
insufficient to complete representations. We discussed how all the models can be 
studied within the same framework. The fields that appear to  be absent from par- 
tial represent ations sit in bidirectional arrows in the quiver (i. e. quadratic gauge 
invariants) and that also form quadratic invariants under the global symmetry group. 
Thus, following the same rules that apply to all other cases, mass terms for these 
fields are present in the superpotential, and they are integrated out when considering 
the low energy physics. The geometric interpretat ion of partial represent ations was 
discussed in Section 4.4.1, where we explained how to determine the location in the 
quiver of the massive fields. 
The En classification of the models becomes particularly helpful in writing down 
superpotentials, both for toric and non-toric del Pezzos. The basic elements of their 
construction are the gauge invariant projections of the singlets under the action of 
En. We have seen how superpotentials become completly determined by this principle 
(and, in a few cases, information about the higgsing from a higher dPn). This suggests 
the possibility of an enhanced En global symmetry at  the point of infinite gauge 
coupling. 
The blow-down of a 2-cycle takes us from dPn to  dPn-l. This geometric action 
translates on the gauge theory side to a non-zero VEV for a bifundamental field 
that higgses the quiver. We have shown in Section 4.5 how to use the group theory 
classification of the quiver to  identify the bifundamental fields that do the correct 
job. By turning on a VEV for any field in the fundamental representation of E,, it 
is higgsed down to one of E-1 and a dPn-1 quiver is produced. In this way, we have 
presented a clear systematic prescription that identifies all possible ways in which a 
dP, quiver can be higgsed to obtain another quiver that corresponds to dPn-l. 
It would be interesting to extend the discussion of this chapter to gauge theories 
on D3-branes probing different singularities, in which other groups of automorphisms 
will point towards global symmetries of the corresponding field theories. In the case 
that these symmetry groups include or are included in the ones for del Pezzo theories, 
the group theory concepts of Section 4.5.5 would indicate how to derive those theories 
by (un) higgsing . 
In Section 4.6, we presented a simple set of rules that determine how the repre- 
sentation structure of a gauge theory transform under Seiberg duality. This was used 
to rederive the classification based on divisors obtained in Section 4.3. 
Chapter 5 
The Toric Phases of the YP74 
Theories 
5.1 Introduction 
As discussed in previous chapters, an interesting class of N = 1 superconformal gauge 
theories can be geometrically engineered by placing a stack of D3 branes at  the apex 
of a Calabi-Yau cone. These theories are always quiver gauge th,eories. For such a 
setup it is possible to take the near horizon limit [9, 12, 131, which gives a string dual, 
namely Type IIB string theory on Ads5 x X5. X5 is the compact Einstein base of 
the six-dimensional cone, which is Calabi-Yau if X5 is Sasaki-Einstein. 
Until about ayear  ago, the explicit metric on X5 was known only for two homo- 
geneous Sasaki-Einstein manifolds: S5 and TI.'. The first case corresponds to N = 4 
SYM. The second case, the conifold, was analysed in [47] and corresponds to a N = 1 
superconformal quiver with gauge group SU(N) x SU(N). Of course it is possible 
to  take orbifolds of these spaces, leading to manifolds with local geometry of S5 or 
TI.'. A remarkable development in the field of Sasakian-Einstein geometry changed 
this situation: Gauntlett, Martelli, Sparks and Waldram in [48, 491 found a countably 
infinite family of explicit non-homogeneous five-dimensional Sasaki-Einstein metrics. 
The corresponding manifolds are called Y P . 9 ,  where q < p are positive integers. 
The dual superconformal field theories were constructed in [50]. The theories bare 
the name Yplq and they are quiver gauge theories. The precise structure of the su- 
perpotential was found, allowing a comparison between the global symmetries of the 
gauge theories and the isometries of the manifolds. An analogous match was per- 
formed for the baryonic symmetry. As a further non-trivial check of the gaugelstring 
duality, the volumes of the manifolds and of some supersymmetric three-cycles were 
computed in field theory and matched with geometric results. This was done using 
the general field theoretic technique of a-maximization, that was also applied to the 
known del Pezzo 1 (corresponding to Y2>', [51]) and del Pezzo 2 quivers in [52]. 
The metric on the YP.9 (48, 49, 5 11 in local form can be written as: 
where 
The coordinate y ranges between the two smallest roots yl, y2 of the cubic b- 3y2 +2y3. 
The parameter b can be expressed in terms of the positive integers p and q: 
The topology of the five-dimensional Yp" spaces is S2 x S3. The isometry group is 
SO(3) x U(1) x U(1) for both p and q odd, and U(2) x U(1) otherwise. This shows 
up as global symmetry of the quiver gauge theories. We will not enter into the details 
of these metrics, and we refer the reader to 1511 for an in-depth exposition. 
On the other side of the correspondence one finds the YPjq quiver gauge theories. 
These were constructed in [50] where it was shown that they can be obtained from 
the YPJ' theory. The five-dimensional YP~P space is not smooth, but can be formally 
added to the list of the YP~q spaces, and is the base of the C3/Z2, orbifold. The 
action of the orbifold group on the three coordinates of C3, Zi ,  i = 1 , 2 , 3  is given 
by ti -+ wa'zi with w a 2 p t h  root of unity, w2p = 1, and (al,  a2, as) = (1,1, -2). 
The dual gauge theory is easily found. To get the Yp>q theories, one starts from YpJ' 
and applies aa iterative procedure p - q times. We will discuss the details of this 
method in the next section. At the IR fixed point, one can use Seiberg duality [I] to 
find a,n infinite class of theories that are inequivalent in the UV but flow to the same 
conformal fixed point in the IR. We call these the phases of the Yp>q theories. A finite 
subclass of these are the so-called toric  phases. These theories have the property 
that all gauge groups in the quiver have the same rank and every bifundamental field 
appears in the superpotential exactly twice: once with a positive sign and once with 
a negative sign. These properties make explicit the fact that the geometry transverse 
to the D3 branes is toric (hence the name). The IR equivalence of such theories (also 
called 'toric duality') was discovered in 1531, interpreted as Seiberg duality in [2, 31 
and further elaborated in [27, 541. 
In this chapter we construct all the connected toric phases of the Yp,' quivers. 
These are the toric phases that can be reached by applying Seiberg duality on self- 
dual gauge groups, i.e. SU(N) gauge groups with Nf = 2Nc flavors, whose rank 
remains the same after the duality. Starting from a toric phase, one gets another 
toric phase by dualizing a self-dual node of the quiver. By studying the phases we get 
from these dualisations we will derive a method for constructing all the connected toric 
phases of the Yp>q theories as combinations of different types of "impurities" on the 
Y P l P  quiver. We also demonstrate the agreement between properties of these quivers 
and geometric predictions by computing the R-charges, and show how one can break 
conformal invariance (while preserving supersymmetry) by adding fractional branes. 
5.2 The connected toric phases 
In this section we construct the connected toric phases of the Yp,q quivers. As men- 
tioned in the introduction, the term 'connected' means the that we are only consid- 
ering the toric phases that can be reached by applying Seiberg duality on self-dual 
gauge groups. We do not have a general proof that these are all the toric phases, 
and it is in principle possible that there are toric phases that can only be reached 
by going through non-toric ones. However, our experience with a number of exam- 
ples leads us t o  believe that this is in fact impossible. For instance, in the case of 
3-block and 4-block chiral quivers, the classification of [55] implies that all the toric 
phases are indeed connected. It will be interesting to find a proof of this. A general 
property of the toric phases (when they exist, as is the case for the Ypjq quivers), 
for any superconformal quiver, is that they are always 'minimal models', or 'roots' 
of the Duality Tree. This can be seen in the following way. By the definition of the 
toric phase all the ranks of the gauge groups are equal. This implies that the 'relative 
number of flavors7 nF z 2 is always a positive integer number. For instance in the 
models constructed in 1501 one always find nF = 2 or nF = 3, meaning that there are 
gauge groups with Nf = 2Nc or N j  = 3Nc. Now, if successive application of Seiberg 
dualities results in a phase with some nF = 1, a problem would occur, since the IR of 
a gauge group with Nf = Nc is not superconformal. This would be a contradiction 
with the results obtained by Seiberg in [I]. The conclusion is that for any toric phase 
all the relative number of flavors are integer numbers satisfying nF 2 2. This is pre- 
cisely the condition [55] for a model t o  be a root of the Duality Tree, i.e. a (local) 
minimum for the sum of the ranks of the gauge groups. In all the models discussed 
in this chapter, nF will be equal to 2, 3, or 4. 
The Yplq gauge theories can be built starting from Yp,p through an iterative pro- 
cedure described in detail in (501. The YPJ' quiver has a particularly simple form. 
It has 2p  nodes, each representing an S U ( N )  gauge group, that can be placed at 
the vertices of a polygon. If we number the nodes with an index i, i = 1 , .  . . ,2p 
in a clockwise direction, then between nodes i and i + 1 there is a double arrow 
X?, cu = 1,2 ,  representing two bifundamental fields that form a doublet of the S U  (2) 
global symmetry and between nodes i and i - 2 there is a single arrow Y,  (a  singlet of 
the same SU(12)). For example the quiver for Y414 is shown in the upper left corner 
of Figure 5-1. Following the conventions of [50], we denote the doublets on the outer 
polygon as Ui = X2i7 V,  = Xzi+l. In Figure 5-1 the U fields are colored cyan, the V 
fields green and the Y fields blue. The superpotential for this theory consists of all 
possible cubic terms contracted in a fashion that makes it an invariant of the SU(2) 
global symmetry. It is written: 
The iterative procedure that produces Yp74 is as follows: 
Pick an edge of the polygon that has a V,  arrow1 starting at  node 2i + 1, and 
remove one arrow from the corresponding doublet t o  make it a singlet. Call this 
type of singlet Zi. 
Remove the two diagonal singlets, Y that are connected to the two ends of this 
singlet Z. Since the V,  arrow which is removed starts a t  node 2i + 1 the Y 
fields which are removed are Y2i+2 and Y2ii3. This action removes from the 
superpotential the corresponding two cubic terms that involve these Y fields. 
Add a new singlet Y2i+3 such that together with the two doublets at  both sides 
of the singlet Zi, an oriented rectangle is formed. Specifically this arrow starts 
a t  node 2i + 3 and ends at  node 22. The new rectangle thus formed contains 
two doublets which as before should be contracted to an S U ( 2 )  singlet. This 
term is added to the superpotential. 
For Yplq one has to  apply the procedure p - q times. For example, a phase of 
Y412 is shown at the upper right side of Figure 5-1. The Z singlets are shown in 
red. The added Y singlets are shown in blue. That they have the same notation 
'Picking a V arrow instead of a U is purely a matter of convention, since U and V are equivalent 
in Y p J ' .  
is justified by the the fact that,  as shown in [50], they have the same R-charge and 
global U(1) charges as the Y singlets of Yp,p. We will use the term 'impurity' for each 
3-step substitution in the YPJ' quiver as above. In this language, Yp79 contains p - q 
impurities. An important point is that YP~P-', and in general YP.9, is a conformal 
gauge theory with c = a only at  the IR fixed point. 
We must emphasize that what we call IR fixed point is really a manifold of fixed 
points, as also discussed in [31]. On the string theory side, it is possible to  modify the 
background changing the vev of the axion-dilaton, and giving a vev for the complex 
B-field over the S2 (there is precisely one such possible vev since the second Betti 
number of the Yp79 manifolds is always 1). On the gauge theory side this corresponds, 
respectively, to  a simultaneous rescaling of the gauge and superpotential couplings, 
and to a relative change in the gauge couplings (there is precisely one gauge coupling 
deformation since the kernel of the quiver matrix is always two). This discussion 
implies that the conformal manifold is a t  least two-complex dimensional. It would 
be nice to see if there are additional marginal directions, corresponding in the gauge 
theory to exactly marginal superpotential deformations and in the supergravity to 
continuosly turning on vevs for the other Type IIB forms (these deformations would 
probably break the SU(2) global symmetry). 
Also note that these IR fixed points, for finite q # p, are not perturbatively acces- 
sible. One way to see this is that there are always finite anomalous dimensions for the 
bifundamental fields (and so for all chiral operators), and this is clearly inconsistent 
with a fixed point were all the couplings are infinitesimal. A simple way to see that 
there are always finite anomalous dimensions is by noting that in all the phases of the 
quivers there are always some gauge groups with nF = 2; the numerator of the NSVZ 
beta function vanishes with infinitesimal anomalous dimensions only if nF = 3. All 
Seiberg dual phases share the same property, since the chiral spectrum is invariant 
under Seiberg duality. 
5.2.1 Seiberg duality moves the impurities 
The above procedure gives toric phases of YP>q. All nodes (gauge groups) have rank 
N and every field enters the superpotential exactly twice. However, there is a freedom 
involved in this construction, namely the choice of positions for the impurities. There 
are p available positions (the positions of the V doublets) and p - q impurities to  
distribute. The resulting theories are generally different in the UV. We will now show 
that they are equivalent at the IR fixed point, related by Seiberg duality. First note 
that all nodes in YPlP have nF = 3, so none of them is self-dual. Placing the impurities 
changes the relative number of flavors from three to two for the nodes at  the ends of 
Figure 5-1: Seiberg duality moves the impurities. The notation Ss means Seiberg 
duality on node 5. 
the Z arrows. So the only self-dual nodes in Y*j4 are the ones at the ends of the Z 
arrows. Dualising any one of these nodes will result in a different toric phase. We 
illustrate this using the example of Y4j2. Phase I (the notation is arbitrary) is shown 
in the upper right side of Figure 5-1. We have four choices on which node to dualise: 
Nodes 1, 2, 5, 6 are self-dual. We choose node 5 and dualise as usual. The new quarks 
and mesons are shown in black in the lower right side of Figure 5-1. Note that the 
mesons Mr3 and M,", are products of a doublet and a singlet of the SU(2) isometry 
and thus transform as doublets. The quartic term in the superpotential involving 
nodes 4, 5, 6, 7 becomes a cubic term with nodes 4, 6, 7, and another cubic term, 
E , ~ x , " , M ~ ~ x ~ ~  is added to the superpotential. The cubic term involving nodes 3, 4, 5 
becomes a quadratic term eaov?~f3 which gives mass to these fields, so it must 
be integrated out in the IR limit. Integrating out these fields we get a new quartic 
term involving nodes 2, 3, 5, 4. After eliminating the fields that are integrated out 
and exchanging nodes 4 and 5 we obtain the quiver shown in the lower left side of 
Figure 5-1. But this is exactly what we get from a different placement of the two 
impurities. We can describe the effect of Seiberg duality by saying that the impurity 
has moved by one step. This was also shown in [31] and put to good use in computing 
duality cascades for Yplp-' and Yp,' . It is easy to see that if we had dualised node 
six the impurity would have moved one step in the opposite direction in exactly the 
same fashion. Also, the result of the dualisation depends only on the fact that there 
is no impurity between nodes 3 and 4. The rest of the quiver goes along for the ride. 
So dualising one of the nodes a t  the ends of a Z field moves the impurity one step in 
the direction of the dualised node, as long as there is no impurity already there. We 
have shown that the different phases one gets from applying the iterative procedure 
are indeed toric duals. This fact was briefly mentioned in [50]. 
5.2.2 Double impurities 
The next step in constructing the toric phases of YP.9 is to examine what happens 
when two impurities 'collide'. We saw before how Seiberg duality on a self dual- 
node moves the impurity by one step. However, when two impurities are adjacent 
something different happens. We can illustrate this using Y472 as an example. It 
will become clear that the result can be generalized to any YPlq because the duality 
affects only the vicinity of the dualised node. We can start from phase I1 of Y472 
(Figure 5-2). Nodes 1, 2, 3, 4 are self-dual. Dualising nodes 1 or 4 will move the 
impurities a s  before. Dualising nodes 2 or 3 leads to a new phase. We choose to 
dualise node 3. The new quarks and mesons are shown in black. The quartic terms 
associated with the impurities become cubic terms with nodes 1, 2, 8 and 2, 4, 5, and 
new cubic terms E , ~ x F ~ M [ ~ x ~ ~  and E a B ~ ? 2 ~ [ 8 ~ 8 3  are added to the superpotential 
according tlo the prescription of Seiberg duality. After rearranging the nodes we see 
the new phase Y;; in Figure 5-2. The mesons M,", are shown in golden because as 
we will see they have different R-charges than the fields we have encountered so far. 
We denote these fields as C". 
This is a new toric phase, different from the ones constructed from the procedure 
of [50], but equivalent to  these a t  the IR fixed point. An interesting thing to note 
is that this phase includes only cubic terms in the superpotential (true only for two 
impurities) and therefore it is a perturbatively renormalizable gauge theory. A closer 
look at this quiver shows that it actually can be seen formally as a result of applying 
the procedure of 1501 twice on the same V doublet. We call this a double impurity. 
So applying Seiberg duality to  a self dual node moves the impurity when there is an 
'empty slot7, but in the case where there is already another impurity there, the two 
impurities fuse into a double impurity. It is clear that the result of this dualisation 
does not depend on the rest of the quiver and so it is not specific to  yPj2. Two 
adjacent single impurities can be 'fused7 in this fashion in any Y p , ?  In Y;$, the 
only self dual nodes are 1 and 3. Dualising node 3 will lead back to yA2, since two 
successive dualisations on the same node always give back the same theory. In exactly 
the same way, dualising node 1 will break up the double impurity into two adjacent 
single impurities, giving back the yA2 model. 
A picture is starting to  emerge: Single impurities can be moved around and fused 
into double impurities, double impurities can be broken into single impurities and all 
these models are toric phases. In this fashion one can think of Seiberg duality as the 
'motion of free particles on a circle7. It remains to see what happens when double 
impurities 'collide' with single impurities or other double impurities. The answer is 
that nothing new happens, and single and double impurities are the only possible 
6 5 6 5 
Figure 5-2: Single impurities can fuse into double impurities. 
configurations in toric phases. Figure 5-3 illustrates this. We see a phase of y47' with 
a double impurity next to a single impurity, labeled Y:.'. Node 3 has nF = 3 and 
dualising it will give a non-toric phase. Nodes 1, 2, 4 are self dual. We already know 
that dualising node 1 will separate the double impurity into two single ones, and give 
a model with three single impurities. Dualising 4 will move the single impurity by 
one step in a clockwise direction. Dualising 2 will also break the double impurity, but 
the single impurity that is created fuses with the single impurity next to  it to  give 
another double impurity. We get a different phase with one single and one double 
impurity, labeled Y;' in Figure 5-3 (note the rearrangement of nodes 2 and 3). A 
phase of Y40 with two double impurities is also shown in the figure. The only self-dual 
nodes are 1 and 4. Dualising either one separates the corresponding double impurity 
as before. 
Figure 5-3: Models with one single and one double impurity and with two double 
impurities. 
In all these models, all cubic and quartic gauge invariants in the quiver enter the 
superpotential. Each of these terms contains two SU(2) doublets which are contracted 
into an SU(2)  singlet. Single impurities contribute quartic terms, double impurities 
cubic terms, and we also have the cubic terms carried over from Y p l P .  We can now 
state the final result: All connected toric phases of Y P . 9  can be constructed by placing 
nl  single impurities and n2 double impurities, with n l  + 2n2 = p - q,  on nl  + n2 of 
the p availa.ble positions2 of the V doublets of Y P . P .  We have also seen how Seiberg 
duality connects all these models by moving, fusing and separating the impurities. 
It is worth mentioning that those models that contain only double impurities have 
cubic superpotentials and therefore are renormalizable quantum field theories. We 
note that a double impurity still 'occupies' 4 nodes of the quiver, in the sense that 
there are 4 consecutive nodes with nF # 3. This explains why it is impossible to  
2Note that only the relative positions of the impurities matter. 
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merge together a lot of impurities, and is consistent with the fact that there are only 
single and double impurities. It is also easy to see that turning on a non-zero vev for 
the p - q Z fields in all these models higgses the quiver to the one for the orbifold 
C3/Z,+,. We will now proceed to compute the R-charges for a generic toric phase. 
5.3 R-charges for a generic toric phase 
We can compute the R-charges of any toric phase using a-maximization [23]. The 
non-R global symmetry group in all of the models that we have constructed is SU(2) x 
U( l )B x U(1 )p  All fields transform in either singlets or doublets of the SU(2) and 
are charged under the global U(1)'s. Since there are two U(1)'s with which the R 
symmetry can mix there will be two unknowns in the a-maximization. Because of 
the presence of the U(1)-flavor the R-charges can be irrational (if only baryonic U(1) 
symmetries, with vanishing cubic 't Hooft anomalies, are present, one has to  maximize 
a quadratic function). The trial R-charge must be anomaly-free (which is equivalent 
to  the vanishing of the NSVZ beta functions for the 2p gauge groups) and all terms 
in the superpotential must have R-charge two. 
The following assignment satisfies these conditions: 
The (p - q) singlets Z have R-charge x. 
The (p + q) diagonal singlets Y have R-charge y. 
The p doublets U have R-charge 1 - $(x + y). 
The p - (nl + n2) doublets V have R-charge 1 + i ( x  - y) 
The n2 doublets C have R-charge 1 - i ( x  - y) 
The quiver structure of the gauge theory automatically implies that the linear 't 
Hooft anomaly t rR vanishes, since it is given by a weighted sum of the gauge coupling 
beta functions t rR = Nipi [55]. The cubic 't Hooft anomaly trR3, proportional to 
the gravitational central charges c = a [?, ? I ,  is given by: 
We have used the relation nl + 2n2 = p - q. The expression for trRfri,,(x, y) is the 
same as the one in [50] and is independent of n l ,  7-22. As a consequence, the result is 
the same for all the toric phases of a given YP.9. This is expected of course, since all 
toric phases axe related by Seiberg duality. The straightforward maximization leads 
to 
The R-charges and global U( l )  charges for the fields are shown in Table 6.2. The 
I Field ( number R - charge 
Table 5.1: Charge assignments for the five different types of fields in the general toric 
phase of Yp34. 
R-cha,rges and the central charge computed via field theory methods match exactly 
with the geometric data of the volume of supersymmetric three-cycles and the YP?q 
manifolds themselves [50, 5 11. 
The determination of the baryonic charges leads immediately to the determination 
of the vector of the ranks of the gauge groups in the presence of fractional branes, 
useful in the study of duality cascades 156, 57, 301, [31]. The reason is that the U(l)B 
symmetry is a linear combination of the 2p decoupled gauge U(l)s,  corresponding to 
one of the two null vectors of the quiver matrix. It is important that in Table 6.2 we 
chose the convention that the baryonic charges are always integers numbers. 
The procedure for changing the ranks, without developing ABJ anomalies (corre- 
sponding to the addition of fractional branes), is very simple and is as follows. 
Start with all the ranks of the gauge groups equal to  N .  This corresponds to  
the absence of fractional branes. 
Pick a node I and change the gauge group from SU(N)  to, say, SU(N + M). 
Pick an arrow starting from I and arriving at  node J. This arrow I -+ J has 
a well defined integer baryonic charge ~ ( 1 ) ; + ~ .  The rank of the group a t  node 
J is precisely N + M + ~ ( 1 ) ; + ~  M. For instance, if there is a U-field one has 
N + M - pM,  if there is a 2-field one has N + M + (p + q)M. 
Pick an arrow starting from J and arriving at  node K. Apply the same proce- 
dure as above with ~ ( 1 ) ; - ~ .  
Go on until all nodes are covered. In case there are only single-impurities, it 
is enough to do the full loop of lenght 2p, using the baryonic charges of the 
doublets U and the singlets 2 .  
It is clear that in this way the new gauge theory, while not conformal if M # 0, 
is still free of ABJ gauge anomalies. Of course there are two possible freedoms in the 
previous construction. First, one can add an "overall" M to the gauge groups, this is 
equivalent to a shifting in the number of D3 branes at  the singularity. Second, it is 
possible to rescale Ad, this is equivalent t o  a rescaling in the number of wrapped D5 
branes (or fractional branes) . 
As check of the procedure, note that after any closed loop one will always find 
precisely the initial value. This is due to the fact that any "mesonic" operator (cor- 
responding to close loops in the quiver) has vanishing baryonic charge. We note that 
this simple procedure is valid for any quiver, also in the case where there are more 
than one U (1)-bar~onic symmetries. 
5.4 Conclusions 
In this chapter we have shown how to construct the toric phases of the Y p , q  quivers 
using a combination of single and double impurity modifications of YPJ'. There is an 
infinity of Seiberg duals for each of the Y P . 9  theories, forming a duality tree and the 
toric phases lie at the roots of this tree. The natural question in this context is to 
understand the structure of the full duality tree, including the non toric phases. It 
would be nice to understand if the various phases are classified by the solutions of 
some Diophantine equation, as is the case for higher del Pezzo quivers and for all 3 
and 4-block chiral models. 
Another related problem is the computation of the duality cascades both from 
the gauge theory and supergravity perspectives. Very significant progress on this has 
already been made in [31]. 

Chapter 6 
An Infinite Family of Quiver 
Gauge Theories 
Introduction 
In this last chapter we build upon the knowledge obtained from the Y P . 9  theories and 
construct another infinite family of quiver gauge theories which we call X p , 9 .  These 
theories can be Higgsed to  Y p , q  or Y p ' q - I  by the right choice of the field that gets a 
vev, and this property allows us to  pinpoint their structure. This adds a new set of 
examples to  the the theories that can be geometrically engineered in string theory. 
The first such examples of N = 1 superconformal field theories constructed by 
placing a stack of D3-branes at  the tip of a non-compact Calabi-Yau cone were given 
for Calabi-Yau spaces which are orbifolds of C3 [58]. The AdS/CFT correspondence 
[9, 10, 111 says that there is a gaugelstring duality which can be seen by taking the 
near horizon limit of the D3-branes. The simplest example, where the branes are 
placed in flat ten dimensional space, gives a duality between type IIB string theory 
on Ads5 x S5 and N = 4 SUSY Yang-Mills. More generally, however, we can place the 
D3-branes at  the tip of a Calabi-Yau cone whose base is a five-dimensional Einstein- 
Sasaki manifold X 5 ;  the near-horizon limit of this is then Type IIB on Ads5 x X5 
[12, 131. This setup breaks additional supersymmetry, generically leaving an N = 1 
theory on t)he D3-branes. These N = 1 theories are quiver gauge theories [58], 
i. e. theories with product gauge groups and matter transforming in bifundamental 
representations. 
Ideally, one would like to  know the metric on the Calabi-Yau manifold, since this 
would provide a great deal of information (e.g. volumes of calibrated submanifolds) 
which could be translated into data about the field theory. In practice, however, it is a 
difficult task to  find these metrics, and until recently the metrics on only two Einstein- 
Sasaki five-manifolds were known: S5 and TI?'. In [49] an infinite family of Einstein- 
Sasaki manifolds with topology S2 x S3 were found by Gauntlett, Sparks, Martelli 
and Waldram. These extend previous work by these authors on compactifications of 
M-theory [48]. These Einstein-Sasaki spaces have been dubbed YP79, where p and q 
are integers with 0 < g < p; the Calabi-Yau cones over these spaces are toric. Sparks 
and Martelli [51] computed the corresponding toric diagrams and found that Y27' 
was in fact the horizon of the complex cone over the first del Pezzo surface dPl. The 
corresponding gauge theory is known, having been computed via partial resolution of 
the orbifold C3/Z3 x Z3 (591 .the gauge theories dual to the other YP.9 were constructed 
by the authors of [50] and can be built through an iterative procedure as explained 
in Chapter 5. Aspects of the Yp)q theories have been studied in [55, 31, 60, 61, 62, 
63, 64, 65). 
Some of the YP1q theories and geometries are already familiar. We can formally 
extend the range of q to 0 < q 5 p and find that YPiP = S5/Z2p, and Yp>O = T1.'/Zp. 
These spaces are not smooth, but can be used as interesting string backgrounds. The 
corresponding gauge theories to  these spaces are well-known [58, 59, 47, 531, and the 
rest of the Yp>q gauge theories were constructed by a simple procedure that generalizes 
the method for going from Y2,2 = S5/Z2 x Z2 to Y211 = dPl to Y2>0 = IF 0. 
The fact that the Yp74 spaces are toric is crucial to the above calculations. The toric 
diagram for a given geometry can be described as points in a three-dimensional lattice; 
these points describe a C* action and uniquely specify the resulting geometry. In this 
sense, toric geometries are generalizations of CPn . Equivalently, we can describe the 
geometry with a tor-ic fan, which is a series of vectors ending on the specified lattice 
points. A toric Calabi-Yau cone then satisfies the additional restriction that the 
endpoints of these vectors lie in a plane. For this reason, all the toric diagrams we 
study can be represented on a two-dimensional lattice. 
The construction of quiver gauge theories from toric singularities is a difficult task 
and many attempts a t  getting a general formula have been made so far with some or 
partial success. The general problem is to  start with a geometric description, given 
by the toric data, and then to  use it in order to  find the corresponding gauge theory 
that lives on a D3 brane probing the corresponding Calabi-Yau cone. There are a 
few steps in finding the quiver gauge theory: First, one looks for the gauge groups. 
The second step is to  determine the matter bifundamental fields, and finally one must 
find the corresponding superpotential which encodes the interaction terms. We have 
listed these three steps in order by level of difficulty; the third step is often a really 
hard problem to solve. If for some reason in an independent computation we have a 
good guess for the quiver gauge theory then it is a straightforward task to compute 
the corresponding toric data [59]. However, the current known t'echniques are very 
long in computation time and are practical only for relatively small (few gauge groups 
and few matter fields) quiver gauge theories. 
Until the computation of the YP.9 quiver gauge theories there: were only finitely 
many toric singularities with known quiver gauge theories, most of which were cen- 
tered around del Pezzo surfaces and toric diagrams with one or no internal points. 
This situation changed when the YP9q's were found. This leads to the hope that there 
are many more such infinite families of quiver gauge theories for which the computa- 
tion is a relatively simple task. This is the point of this chapter - to  introduce another 
infinite family of quiver gauge theories for which we know the toric data. 
Shortly after the computation of the YP~"uivers it was realized that the toric 
diagrams had actually been studied before in a seemingly unrelated environment. In 
[39,41] the YP;q toric diagrams were shown to be dual to  a 5-brane web which describes 
the dynamics of a five dimensional SYM S U ( p )  gauge theory with 8 supercharges, 
with q denoting the coefficient of a Chern Simons term. Only a few computations have 
been made since then [66, 681 and many more may be found. Using the connection 
to five dimensional gauge theories, we are able to  borrow ideas from the construction 
of such theories using branes. In particular the process of adding flavors to  the five 
dimensional gauge theory is a useful tool. As we will see this will be interpreted as an 
inverse Higgs mechanism (unhiggsing) for the quiver gauge theories and essentially 
is the main tool which allows the construction of the new infinite family of quiver 
theories. The correspondence with five dimensional theories thus turns out to  be 
useful and may be used in future attempts to find other quiver theories. 
In this chapter, we describe a new infinite class of toric geometries and the cor- 
responding gauge theories. To motivate this construction, consider the case of the 
(complex cone over the) second del Pezzo surface dP2. Since dP2 is simply P2 blown 
up at two points, it is easy to  see that one can blow down an exceptional B1 to arrive 
at  dPl. This fact is reflected in the corresponding gauge theories via Higgsing of the 
dP2 theory to the dPl theory by giving an appropriate bifundamental field a vacuum 
expectation value. Additionally, however, one can also blow down dP2 to  IFo. As with 
dPl, this can also be seen from the gauge theory via Higgsing. Thus, dP2 is an exam- 
ple of a theory which can be Higgsed to give two different Y P ? q  theories. The goal of 
the present chapter is to  generalize this construction. The analogous phenomenon in 
the context of five dimensional gauge theories with SU(2)  gauge group was studied 
in [39, 41, 691, where it is associated with a discrete 6 angle and the limit of a gauge 
theory with one flavor that has a large mass. The sign of the mass then implies which 
of the resulting theories is either IFo or dPl. 
The outline of this chapter is as follows. In Section 2, we motivate the construction 
of the Xp>q theories by doing two simple examples. We first explore the relationship 
between dP2, dPl , and IFo from both the gauge theory and the toric perspectives. In 
addition, we describe an analogous relationship between the Suspended Pinch Point 
(SPP), conifold, and C3/Z2. In Section 3, we describe the construction of one phase 
of the XP>q spaces. It is necessary to treat two cases, q = p and 1 5 q < p - 1, 
which we do. As a detailed example, we write down the quivers and superpotentials 
for the X33', X332, and X3j3 theories. Finally, we discuss the toric diagrams for the 
dual Xp>q geometries. In Section 4, we review the relationship of toric geometry with 
webs of (p,q) 5-branes, and describe how the Higgsing process can be seen from this 
perspective. We discuss how many parameters of the four dimensional theory are 
related to parameters of the five dimensional theory. In Section 5, we discuss the 
Seiberg dual phases of the Xp,q theories that still have gauge group SU(N)2p+1; these 
aae usually called the "toric phases" of the theory. There is a general relationship 
between the number of bifundamentals in the different toric phases of the Xp,4 with 
the number of bifundamentals in the different toric phases of Yplq and Yplq-', which 
we discuss. Finally, in section 6, we discuss the R-charges for the Xp,q theories. The 
calculation is in general computationally quite difficult but can be done for some 
small values of p. We calculate the R-charges for X272 and X313 and find that they 
not quadratic irrational but instead the roots of quartic equations. In addition, we 
discuss how although X211 has a two-dimensional basis of R-charges, this property 
does not appear to be true for larger values of p. 
6.2 Warm-Ups: del Pezzo 2 and the Suspended 
Pinch Point 
Before we proceed to the general construction, we review the case of the gauge theory 
dual to  the cone over dP2. This theory provides a template for constructing the more 
general quivers, and as such is a useful example to explore. 
Although we do not know the explicit metric on dP2, the gauge theory has been 
constructed by partially resolving the space C3/Z3 x Z3 [53, 591. One quiver for this 
theory is given in Figure 6-1. 
The superpotential is given by 
This superpotential has 3 cubic terms, 2 quartics, and one quintic. 
For our purposes in this work, the interesting thing to notice about the dP2 quiver 
is that it can be Higgsed to either Y2,' or Y2,0 by giving a vev to (for example) X52 or 
Figure 6- 1: One quiver for the dP2 gauge theory. 
X45, respectively. See Figure 6-2 for these quivers. The Higgsing is straightforward: 
Giving a vev to a bifundamental field simply breaks the S U ( N )  x S U ( N )  group under 
which it transforms to the diagonal. This means that we should combine those two 
nodes in the quiver and delete the bifundamental from the theory this flows to in the 
IR. If there is a cubic term with the bifundamental in it, then we should also delete 
the other bifundamental fields; the vev will give them a mass and they should be 
integrated out of the IR theory. 
Figure 6-2: The quivers for Y27' (left) and Y27O (right) 
To be complete, we must also check that the superpotential behaves as it should 
under Higgsing. Giving a vev to  X52 is straightforward: Since this bifundamental only 
appears in terms with four or more fields, we simply delete it from the appropriate 
terms and relabel the remaining fields. This yields the superpotential 
This is the superpotential for the gauge theory dual to  the complex cone over the first 
del Pezzo surface dP1. Note that we have relabelled some nodes for aesthetic reasons. 
Now, let's see what happens when we set (X45) # 0. Since X45 appears in a cubic 
term X45X53X34 in the dP2 superpotential, this vev has the effect of giving a mass 
to X53 and X34. These fields should then be integrated out of the IR theory. The 
classical equations of motion are 
The resulting superpotential is then purely quartic and is given by 
which is indeed the superpotential for Fo. Notice that dP2 has 11 fields, dPl has 10, 
and IFo has 8. The cubic term has had the effect of removing two additional fields 
from the spectrum, as it must. 
The R-charges for this theory must be computed via a-maximization [23]. There 
are a, priorz 11 different R-charges, subject to  5 constraints from anomaly freedom and 
6 constraints from the superpotential. One can easily check that there are, however, 
4 undetermined R-charges; the maximization must then be done over the space of 
these 4 charges 1521. This will be a general feature of the new quivers. 
Let's now recall the toric presentations of the complex cones over IFo, dPl, and 
dPz. Since these cones are Calabi-Yau, we may represent the toric data with a two 
dimensional lattice. A perhaps familiar presentation of the toric data for these three 
~urfa~ces is given in Figure 6-3. The toric diagram can be used to read off the number 
of 2- and 4-cycles in the corresponding Calabi-Yau cone: The number of internal 
points is the number of 4-cycles, and the number of 2-cycles can be derived from the 
requirement that #(O-cycles) + #(2-cycles) + #(4-cycles) = 2(Area). This is the 
simply the Euler characteristic of the Calabi-Yau. This number is also the same as 
the number of gauge groups in the dual gauge theory. The Euler characteristic is 
also the number of gauge groups in the dual quiver theory, as one can check for these 
examples1. Since each space here is connected, the number of 0-cycles is always 1. 
It is then straightforward to  figure out that the number of 2-cycles for IFo, dPl,  and 
dP2 is two, two, and three, respectively. This corresponds exactly with out geometric 
intuition: Since IFo = P1 x P1, we expect two independent 2-cycles on IFo, and since 
dPn is just P2 blown up at  n points, we expect n + 1 2-cycles for dPn. 
Figure 6-3: The toric data for IFo (left), dPl (center), and dP2 (right). 
Other (and for our purposes later on, more convenient) toric present at  ions of these 
spaces are also possible. For future reference, we include these alternate presentations 
in Figure 6-4. One can easily check that these toric diagrams yield the same number 
of 2- and 4-cycles as the ones in Figure 6-3. The relation between the two toric 
presentations is simply that the points along the diagonal in Figure 6-3 have been 
brought to  lie along a vertical line in Figure 6-4; the two toric diagrams correspond 
to different projections of the full three-dimensional toric diagram for the Calabi-Yau 
cones. The presentations of Figure 6-3 can be mapped to those of Figure 6-4 by an 
affine transformation, whose form we do not record here. s\ c\ 
0 0 
Figure 6-4: Alternate toric data for IFo (left) dPl (center), and dP2 (right). 
Note that it is possible to  see Higgsing from the toric diagram. Since twice the 
area of the toric diagram (i.e. the number of triangles in a triangulation) is the 
number of gauge groups in the dual superconformal theory, Higgsing corresponds to  
'This rule was discovered empiricaIly with B. Kol; the brane dimer picture [64, 651 provides a 
proof. 
removing an external point from the toric diagram. All the processes we consider 
here will never decrease the number of triangles by more than one, meaning that we 
only consider Higgsings that break SU(N)" --+ SU(N)"-' (cases for which this is 
not true are more mysterious and not well understood). In the example above, it's 
easy to see how the toric diagram for dP2 can be altered to give the toric diagrams for 
dPl and IFo: To get dP1, delete the top left point from the dP2 diagram in Figure 6-4; 
to  get IFo, delete the other point on the left side of the toric diagram. Note that the 
external liries in the toric diagrams correspond to  places where the T3 fiber of the 
toric geometry has a degenerate cycle. Removing an external line is thus the same 
as blowing down a 2-cycle; this matches our intuition for how to get from dP2 to dPl 
or IFo. It is also possible to see this process from the corresponding (p,q)-brane web, 
which is straightforward to read off the toric diagram. We postpone the discussion of 
(p,q) webs until Section 4. 
As a final warm-up example, we recall the theory that blows down to  the gauge 
theories dual to  the conifold and S5/Z2. This theory is known as the Suspended 
Pinch Point (SPP), and was first described in [13]. This theory can be Higgsed to 
the simplest YPyq spaces, Y1lo and Y1ll. Y1yo is simply the conifold theory, and Y1yl 
is the N = 2 theory dual to  C3/Z2. This Higgsing is illustrated in Figure 6-5. 
The superpotential for the SPP is given by 
WSPP = xi2x23x32x~i - x23x3ixi3x32 + xi3x3ixii - x12x21x11. (6.6) 
It is easy to see that upon setting 03) # 0, the superpotential becomes purely 
cubic. This is exactly as expected for the N = 2 theory, since it is an orbifold of C3. 
Giving X21 a vev results in a mass term for the fields X12 and Xl l ,  which must then 
be integrated out. Doing so reproduces the superpotential for the conifold, given by 
two quartic terms. 
Give a vev to X2i 
Figure 6-5: The SPP quiver (top) can be Higgsed to the conifold (bottom left) or the 
C3/Z2  theory (bottom right). 
6.3 New quiver theories: X P l Q  
In this section we give a procedure for constructing quivers which blow down to Y P . 9  
and Y p . 9 - ' .  The general idea is to  start with a known quiver gauge theory, say Y p ~ q ,  
blow up its corresponding toric diagram and then to  find the effect on the quiver. 
This procedure was done for several examples in [67]. In many situations there is a 
unique way to perform such a blow up; this gives the resulting quiver gauge theory. It 
turns out that in the case we study here we have such a situation in which a blow up 
gives a unique answer and therefore allows the construction of a new infinite family of 
quiver gauge theories. We denote the quivers we construct in this chapter by XP.9; in 
this language, the dP2 quiver would be called X2>',  and the SPP would be XI.'. We 
will see that the procedure for constructing dP2 generalizes nicely to  general p and q. 
The blow-up we construct is the unique possiblity for blowing up the specified node, 
but of course one could always choose to  blow up a different node. In a later section, 
we will show that blowing up a different node simply results in a theory which is 
Seiberg dual t o  the one presented here. 
Before we continue on to the Xp)q spaces, however, we briefly review the Y P . 9  
quivers. This will be a quick discussion; for more details the reader is referred to [50]. 
6.3.1 Review of the Y p 3 4  quivers 
The Yp>q theories were constructed in (501, following the discovery of the dual geome- 
tries and their toric descriptions in 149, 48, 511. It was shown there that they can be 
obtained as modifications of Yp>p, which happens to be the theory living on a stack 
of D3 branes placed on the singular point of the orbifold C / Z 2  x Zp. The orbifold 
theory can be constructed by standard methods as a projection of N = 4 SYM. The 
gauge group is SU(N)2p where N is the number of D3 branes in the stack. The YpJ' 
theory has 6p bifundamental matter fields transforming in 2p doublets U", cu = 1,2, 
and 2p singlets Y of the SU(2) nonabelian part of the global symmetry group. The 
superpotential for this theory descends from that of N = 4 and consists of 4p cubic 
terms. The quiver for Y3j3 can be seen in the top left corner of Figure 6-6. The 
superpotential for this theory is 
The doublets are contracted in a way that respects the SU(2) global symmetry. 
To construct the YP~P-' theory, one picks a doublet in YP>P, say the one between 
nodes i and i + 1, and removes one of the two bifundamentals. Then one removes the 
singlets I.;+2,i7 Y,+l,i-l and adds a new singlet I.;+2,i-l. Four of the cubic terms in the 
superpotential. are eliminated by these removals. Finally, one adds two quartic terms 
to the superpotential, involving the remaining of the two U fields (now called Z), the 
new singlet and two U doublets. As an example, the quiver for Y3>2 is shown in the 
top right corner of Figure 6-6. The superpotential for this theory reads: 
This procedure repeated p - q times for non-consecutive U doublets yields YP.9. 
In the lower half of Figure 6-6 we show the quivers for Y371 and Y370. Each time q 
descreases by one, four cubic terms are eliminated and two quartic terms appear in 
the superpotential. The superpotential of Yp.9 therefore has 4q cubics and 2(p - q) 
quartics. The modifications to the YPIP quiver are called single impurities; we say 
that there is a single impurity between any two nodes where there is a bifundamental 
2. The specific choice of sites on the quiver where single impurities are placed is 
not important, since the different theories obtained this way are related by Seiberg 
duality [63] and have the satme IR dynamics. In fact, single impurities can be brought 
on top of each other and combine into double impurities, which contribute cubic terms 
to the superpotential. We shall say more about these in a later section. 
Figure 6-6: Quivers for the Y379 theories. 
6.3.2 XP-4 for 1 5 q 5 p - 1 
Now that we have reviewed the YP.q theories, constructing the XP.4 quivers is straight- 
foward. We first consider the case 0 < q < p - 1, since the procedure we give here 
must be altered slightly when q = p; this latter case will be described subsequently. 
Consider the quiver for Y P . 9 .  One toric phase of this theory will have p - q single 
impurities, where double arrows on the outside of the YP.P quiver have been replaced 
with single arrows. Since we only consider cases where q 5 p - 1, t,here will always be 
at  least one single arrow on the outside of the Y P . 4  quiver. Without loss of generality, 
we can choose this arrow to be as close as possible to the leg which is impurified 
when constructing the Yp.4- '  quiver; if the single arrow is farther away, it is always 
possible to  perform a sequence of Seiberg dualities to  bring it to  the desired position. 
See Figure 6-7. 
Figure 6-7: The relevant portions of the quivers for Yp74 (left) and Yp7q-1 (right). The 
rest of the quiver is assumed to be in between nodes E and F and is not drawn. 
Let's call the node we blow up node B, which we blow up into the two nodes B1 
and B2. Denote the node before B by A, and the node after B by C. The new XP74 
quiver is constructed as follows: 
Draw bifundamentals XABl , XBI  B ~ ,  XB2c, XAB2,  XBI C. 
For all single bifundamentals in the YP74 quiver of the form XnB (i.e. entering 
B), draw a bifundamental XnBl .  
For all single bifundamentals in the Yp,4 quiver of the form XB, (i.e. exiting 
B ) ,  draw a bifundamental XBZn 
All other bifundamentals should be left as they are in the YPlq quiver. 
For a graphical depiction of this process, see Figure 6-8. 
Figure 6-8: The relevant portions of the quivers for Yp,q (left) and Yp,q-' (right). 
Notice that there are 4p + 2q bifundamentals in the YP14 quiver. Four of them are 
the double arrows entering and exiting node B, which get replaced with five single 
arrows in the Xp74 quiver. Thus there is a net increase of one in the number of 
arrows, meaning that this phase of our Xp?q theories will always have 4p + 2q + 1 
bifundamentals. As we saw in the previous section, this is exactly the case with dP2, 
which has 11 fields, compared to the 10 fields of dPl and the 8 fields of IFo. 
Obtaining the superpotential is straightforward. We know that in the superpo- 
tential for a Yplq quiver theory, there are 4q cubic terms and 2(p - q) quartic terms. 
To reproduce this upon Higgsing, we must have the superpotential 
Wxi.79 = u ~ ~ Y E B ~ ~ B ~ B ~ ~ B ~ C ~ C D + Z A B ~ Y B ~ C Y C A + ~ ~ ~ Y A B ~ Y B ~ F  (6.9) 
- YEBIYBICZCDU~~ - YAB~ZB~CYCA - u$lzAB1 zB1B2yB2F. (6.10) 
+ unchanged, (6.11) 
where "unchanged" simply denotes all the other terms in the original YP.9 superpo- 
tential, which are unaffected by the blowup. In this sense, blowing up a node is a 
"local" procedure - it only affects the fields within 3 nodes of the blown up node. 
That the XPjq quivers Higgs to  Yp>q and Yp.4-l is now easy to see. Setting 
(ZBIB2) # 0 collapses the nodes B1 and B2 back into node B. We lose the field 
ZBI B2 and the other fields remain, although we should rewrite any B1 and B2 indices 
as B. This gives (as it should, by our construction), the Yp.4 quiver. The superpo- 
tential (6.11) also does exactly what it must. Setting (ZBIB2) # 0 changes the quintic 
term into a quartic, and one of the quartics into a cubic. This gives the superpotential 
for YP.4, where it is obvious that the global SU(2) symmetry has been restored: The 
(1) (2) doublets are ( Z A B ~  , YABZ), (YBIC, ZB~C) ,  (UFA, uFA), and ( u ~ A ,  U;;L)- 
Giving a vev to ZBzC yields the quiver for Yplq-'. This affects the superpotential 
in a mildly more nontrivial way than the previous case, since now the fields YaB2 
and YcA get a. mass and should be integrated out. Since these two fields appear in 
only cubic terms, the net effect of integrating them out is to  replace the three cu- 
bic terms with one quartic. This quartic is exactly what we'd expect; it is paired 
with u $ " z ~ ~ ~ ~  ZBlB2YB2F under the newly restored SU(2) symmetry. For complete- 
ness, we note that the new SU(2) doublets are given by (~$1, u!?), (uEA, u!'), and 
( Z B ~  B  ,YB~ c ) . 
We note here that the total number of terms of a given degree in the superpotential 
for XP.4 is easy to  figure out. There is always one quintic, 2(p - q) quartics, and 4q - 1 
cubic terms. The reason is clear: In the YP.9 quiver, there are 2(p - q) quartics and 
4q cubics. Since blowing down the Xp,4 quiver to YP.9 involves shifting a quintic to a 
quartic and a quartic to a cubic, we see that the number of quintic terms in the XP.4 
~uperpotent~ial is one, whereas the net number of cubic terms decreases by one and 
the net number of quartics remains the same. 
6.3.3 XP,q for q = p 
Now, let's consider the case q = p. The above procedure clearly must be modified, 
since a quintic term in the superpotential may no longer exist since there is nothing 
for it to  descend to in the Yp>p theory. Nevertheless, the procedure is more or less 
the same as above, the only difference being that instead of drawing a bifundamental 
between node E and node B1, we draw one between D and B1. This is shown in 
Figure 6-9; as before, the parts of the quiver that do not change are not shown. 
Figure 6-9: The relevant portions of the quivers for YP.Y (left) and Yplq-I (right). 
The superpotential is now given by 
W~p.5' = ZB~CYCAYABZ f U~AYDBIYBIC - Y ~ ~ ~ Y ~ ~ Z ~ ~ l  - AB~YB~FU!~~-12) 
- zB2CugLyDB1 ~ B I  B2 + zB1 B2yB2Fu:jzAB1 (6.13) 
+ unchanged, (6.14) 
Notice that, as before, when we set (ZBlB2) # 0, the theory flows to Yp,p, and 
when we set (ZBIC) # 0, the theory flows to Yp@-'. In the latter case, the fields 
YAB2 and Yac acquire a mass and should be integrated out; this yields the correct 
superpotential for YPlp-'. 
For general p, then, we see that this Xplp theory has 6p+ 1 fields. The superpoten- 
tial has 2 quartic terms and 4p - 2 cubics. Going to the YP,P theory simply changes 
both quartics into cubics, which recovers the 4p cubic terms required for this theory. 
Flowing to  the Yplp-' theory involves shifting one quartic to  a cubic, and taking three 
cubics into one quartic. Thus, the resulting theory has two quartic terms and 4(p - 1) 
cubics, which is correct for YP>P-'. 
It is worth pointing out again that the above prescription gives merely one way 
of constructing the XPiq theories, and there are many different possible toric phases 
of these theories. We will explore these dualities in a later section. 
6.3.4 An example: x37', ~ ~ 7 ~ ,  and ~~7~ 
As an illustrative example, we now present quivers for X37', X372, and X3,3. These 
theories will Higgs to the quivers for Y3>O, Y3y1, Y3,27 and Y373 in Figure 6-6. Apply the 
procedure outlined in the previous sections is straightforward, anti yields the quivers 
in Figure 6-10. 
Figure 6-10: Quivers for a particular phase of X3?l,  x3l2, and x ~ , ~ .  
We can easily write down the superpotentials for these theories. They are 
and 
As they must, these become the Y319 superpotentials upon giving vevs to  the 
appropriate fields and integrating out where necessary. 
6.3.5 Toric Diagrams for X*?q 
We now describe the toric presentation of the Xp14 spaces. As discussed in the intro- 
duction, it is a rare occurrence to know the toric diagram corresponding to a given 
quiver. The Forward Algorithm [59] can be used to  extract the toric data for simple 
quivers, but it is computationally prohibitive for quivers with many nodes. So know- 
ing the toric data dual to an infinite number of quivers is highly nontrivial. Finding 
the toric data for the Xp14 theories is straightforward, since we can use our intuition 
from dP2 to simply write down the answer and then check that it is correct. First, we 
note two different toric presentations of the space Yplq; these are given in Figure 6-11. 
The toric data on the left is the presentation used in [51, 501; the toric data on the 
right is simply an alternate projection which is particularly useful for our purposes2. 
Notice that for a given p, the only point that moves is the point along the left edge 
of the lattice. As q decreases, this point moves up; at q = 0 we recover the expected 
2 ~ h i s  representation was also used in [60]. 
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parallelogram for Yp,'. 
Figure 6-11: Two different presentations of the toric data for Yp~q. The figures here 
are Y 3~1. 
The toric data for XP.4 is now easy to intuit. Since we need a space which blows 
down to both YPj4 and Yp,qcl, we simply include both points on the left edge of the 
lattice, as in Figure 6-12. Removing the top left point leaves the toric diagram for 
YP.9, and removing the one below it yields the toric diagram for Yp.4-'. Note that,  
as for Yp.4, these two points move up as q decreases. 
Figure 6-12: The toric data for XPK This diagram is for X3J,  which blows down to 
Y310 and Y371. 
There are many checks that these are the correct toric diagrams dual to the Xp,q 
quivers. First, one may use the Forward Algorithm of [59] to extract the toric data. 
These have been checked for small p, and yield the expected results 3 .  We may also 
check the number of gauge groups, which is equal to  the number of triangles in a 
3 ~ e  thank Alan Dunn for this calculation. 
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triangluation of the toric diagram. This should be equal to  2p + 1 in general, and it 
is straightforward to  see that this is correct: The Yp,' theories have 2p triangles, and 
the effect of adding the extra node is to add one more. Additionally, we can read 
off the even Betti numbers of the Calabi-Yau cone. There are p - 1 internal points, 
corresponding to p - 1 4-cycles, and since the space is connected there is only one 
0-cycle. Therefore, there must be p + 1 2-cycles. Thus, the number of 2-cycles for 
the Xp74 theories is one greater than it is in the lower YP.' theories, as we expect by 
analogy to dP2, 
Notice that we can rephrase the above as follows: If I is the number of internal 
points in the toric diagram and E is the number of external points, then the number 
of 4-cycles is I, and the number of 2-cycles is I + E - 3. This has an interpretation 
in the related five dimensional gauge theory, as we will discuss in the next section. 
We also can find some properties of the corresponding Sasaki-Einstein manifold 
a t  the base of the Calabi-Yau cone4. For a Sasaki-Einstein space whose toric diagram 
has d external lines, H3 = Zd-3, SO here we find H3(XP79) = Z2. Thus there are 
always two 3-cycles available for a DPbrane to  wrap; this will be discussed further in 
Section 6. The topological possibilities for five-dimensional spaces are known, thanks 
to Smale's Theorem. Here, we can say that the Xp79 Sasaki-Einstein manifolds for 
p # q (the p = q case is singular) are a connected sum (S2 x S3)#(S2 x S3). 
Knowing that the toric diagram in Figure 6-12 gives a Calabi-Yau dual to the 
XP.4 theories is highly nontrivial. Although our construction of the gauge theories is 
done without ever considering the dual geometry, it is important to  point out that 
we know information about both sides of the AdS/CFT duality. The metrics on the 
XP.4 geometries are not known, and appear to be quite difficult to calculate. The YP7q 
theories had a global SU(2) symmetry; the existence of this non-Abelian symmetry 
was crucial to  figuring out the metrics on the Sasaki-Einstein manifolds (491. The 
Xp.9 gauge theories have only U(1) global symmetries, so we lose the power of the 
non-Abelian isometry when trying to find the dual metrics. Thus, the Sasaki-Einstein 
metrics on these spaces are unknown, and probably rather difficult to  derive. 
4 ~ e  thank James Sparks for discussions on this. 
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6.4 (p,q)-brane webs and 5d gauge theories 
It is known that one can get a five-dimensional theory associated to the theory living 
on the D3-branes at the tip of the Calabi-Yau cone by writing down a web of (p,q)5 
5-branes [39]; the procedure for deriving the brane web from the corresponding toric 
diagram is well-known [40, 411. More mysterious, however, is what one can say about 
the resulting 5-dimensional gauge theory living on the 4+1 dimensions common to 
all the 5-branes. Some things are known about the correspondence between the 
five dimensional theory and the related four dimensional quiver [46], but much still 
remains unkown. Let us now briefly review what is known about (p,q)-webs and the 
associated 5 dimensional gauge theories. 
Type IIB string theory has a vast armada of 5+1 dimensional branes, the (p,q) 
5-branes. (p,q) 5-branes are bound states of different numbers of D5-branes and NS5- 
branes; we take the convention that a (1 ,O)  brane is a D5-brane, and a (0,l) brane 
is an NS5-brane. A (p,q) 5-brane is simply the magnetic dual of a (p,q) string, and 
may be thought of as coming from an M5-brane wrapped on a (p,q)-cycle of a T2. 
The tension of an arbitrary (p,q) brane is then given by T(,,,) = Ip + rqITD5, where 
T is the Type IIB axion-dilaton. These (p,q) 5-branes are useful tools for studying 
5d gauge theories, via arranging the branes in a network such that they share 4+1 
dimensions. The remaining dimension can be taken to lie in a plane, and the branes 
can be arranged in a network called a (p,q) web. Of course, placing branes at generic 
angles will break all supersymmetry. The requirement that a web be stable and 
preserve supersymmetry can be summed up in the conditions 
- 
- - Ax and Cpi=Cqi=O. 
AY q i i 
In (6.18), the first condition states that the slope of a brane in the (x, y) plane is equal 
to the ratio of its (p,q) charges, and the second condition is simply conservation of p 
and q charge at each vertex (the sum is over all branes ending at a given vertex). The 
"ere we run into the problem of using the grouping (p,q) in two different contexts. (p,q) for 
5-branes will always be in Roman, and (P,  q) for Y p j q  will be in math (italic). 
slope condition ensures that one quarter of the supersymmet ry is preserved, giving 
the 8 supercharges for a five-dimensional N = 1 theory. 
It is now well-known that one can associate a toric diagram to a (p,q) web via a 
straightforward procedure, which we now review. First, one needs to  pick a triangu- 
lation of the toric diagram. We have done this for dPl in Figure 6-13. The brane web 
is now essentially just the dual of this diagram: To construct it, just draw the lines 
orthogonal to the lines in the triangulated toric diagram. External lines in the toric 
diagram correspond to semi-infinite branes, and internal lines correspond to branes 
with finite extent in the (x, y)-plane. Notice that a consequence of this is that the 
number of internal points in the toric diagram corresponds to  the number of closed 
polygons in the brane web. 
Figure 6-13: A triangulation of the toric data for dPl and the corresponding brane 
web. 
As a warm-up for finding the Xp>q brane webs, let's see how one can use the web 
for dP2 to get the associated webs for dPl and IFo. Related discussion can be found 
near Figure 12 of [39]. The brane webs for dP2, dPl, and IFo are shown in Figure 6-14; 
we have used the toric data of Figure 6-4 to  construct them. Notice that the dP2 web 
has a semi-infinite horizontal brane, which we have drawn in red. This is a D5-brane, 
and shows up in the 5d theory as a massive flavor. As we move this brane up or 
down, the mass of the flavor changes and it may then be integrated out of the theory. 
Interestingly, the resulting theory is different depending how one increases the mass: 
By moving the (-1,O) D5-brane up, it hits the (0,l)  brane and results in a (-1 , I )  brane, 
giving the web for dPl. By moving the D5-brane down, it hits the (-1 ,- 1) brane at the 
bottom and results in a (-2,-1) brane, giving the IFo brane web. We will see analogous 
behavior in the Xp.9 brane webs when we generate the two possible descendant Yp79 
webs. 
Move red leg down Move red leg up 
(-1.1) (0,l) 
Figure 6-14: By moving the horizontal (red) brane in the above dP2 brane web up or 
down, one can get a brane web for dPl (left) or IFo (right). 
We now see that knowing the toric diagram is tantamount to  knowing the brane 
web. One can easily see in Figure 6-12 that we'll always get a flavor D5-brane which 
can be moved up or down; this is just the external line dual to the one external vertical 
line in the toric diagram. We do note that the situation is mildly more complicated 
for many internal points, since moving the flavor D5 past any brane junction means 
that one must. change the (p,q) charges of the branes at  the junction. One example 
of this procedure is done, for X3y1, in Figure 6-15. 
We also note here that integrating out the massive flavor is equivalent, geometri- 
cally, to  blowing down a 2-cycle. This is especially simple to  see in the dP2 example, 
since we know that dP2 blows down to either dPl or IFo. This is also easy to see from 
the toric diagram, since external lines correspond to 2-cycles. f i r  the general Xp7" 
theories this interpretation of blowing down a 2-cycle remains true. For an interesting 
discussion of t'he transitions between some of the XP.9 and YP.9 theories, see Figure 
move flavor brane down / move flavor brane up \ 
(O,-l) 
Figure 6-15: The process of going from the X37' web to that of Y370 or Y37'. 
25 of [41] and the surrounding discussion. 
The dP2 theory, or X27' as we call it in this chapter, corresponds to  a five di- 
mensional SU(2)  gauge theory with one flavor. Taking the mass of this flavor to  
positive infinity yields one of two different theories: If we define the sign of the mass 
to  correspond to  the positive y direction in Figure 6-14, this theory is IFo. Taking 
the mass to  negative infinity gives the other theory, dPl. The distinction between 
these two theories is related to the value of the discrete 6' angle, which follows from 
the fact that the 4th homotopy group of the gauge group is r4(SU(2))  = Z2. This 
distinction is special to  the case of SU(2) as this is the only unitary group with a 
non-trivial 4th homotopy group. For higher values of the rank of the unitary group 
the five dimensional theory can admit a Chern-Simons term. This term is absent for 
the SU(2) case since the completely symmetric rank 3 invariant for SU(2) vanishes, 
while for the other SU(p)  theories it is non-vanishing. As a result, for the 5d theories 
living on the brane webs dual to the YPjq toric diagrams with p > 2 we can introduce 
a Chern-Simons term which turns out to have a coefficent equal to q. As discussed in 
detail in [37] a massive flavor contributes at the one loop level to the effective Chern- 
Simons coupling a value of 112 and the sign of this contribution is proportional to the 
sign of the mass of this flavor. As a result when going from a large positive mass to a 
large negative mass and vice versa, the value of the Chern-Simons coefficient changes 
by 1. As we identify the Chern-Simons coupling with q ,  taking the mass from one sign 
to another precisely maps to the process of changing q  by 1. This is the process we 
have discussecl above in which we start with Xp,Q, corresponding to a small mass in 
the 5d theory, and Higgs to  either YPlq or Y ~ i q - ~  by giving a large positive or negative 
mass, respectively, to the 5d flavor. 
One more interesting point to note about the YP14 theories is that from a five 
dimensional point of view, the allowed values for p  and q  which give interacting UV 
fixed points in five dimensions are p  > q  2 0. The case with q  = 0 is the simplest five 
dimensional SYM S U ( p )  gauge theory where there is no Chern-Simons term. The 
case with q  = p  does not lead to an interacting UV fixed point since the brane web 
involves parallel legs; see a discussion in [41]. The conditions which were written in 
[37] for an interacting fixed point coincide nicely with the allowed range of the Yplq 
theories as required by the geometry side to have smooth metrics. These conditions 
can be extended to the case of more flavors. If we denote the number of flavors of the 
five dimensional gauge theory by Nf then this number is related to the number of 
external nodes E in the corresponding toric diagram by E = Nf + 4. The condition 
for an interactling UV fixed point is then Nf + 2q < 2p. For Nf = 0 this recovers the 
known limits on Yp7q discussed above while for Nf = 1 we get a new bound which 
is consistent with the limits that we have found in this chapter. We further get a 
prediction for the allowed ranges of theories for higher values of Nf. 
As discussed in 1411, for a given five dimensional gauge theory with S U ( p )  gauge 
group and for any Chern-Simons coefficient q  the number of parameters in the La- 
grangian is the number of external legs E in the (p,q) web minus 3. As an example, 
for Nf = 0 t,he number of parameters is 1; this parameter is simply the gauge coupling 
of the five dimensional gauge theory. For Nf = 1 there is an additional parameter 
given by the mass of the flavor, etc. This number E - 3 actually counts the number 
of baryonic U(:l) global symmetries in the corresponding quiver gauge theory. Thus 
for the Yp,4 theories we have one U(l)B and for XP.9 we expect two baryonic U(1) 
global symmetries. 
There are additional matchings we can make between the five dimensional theory 
and the quiver gauge theory. The number of moduli for the five dimensional theory 
is equal to  the rank of the gauge group, p - 1. This number gives the number of 
distinct monopole solutions in the five dimensional gauge theory as well as the various 
vacuum expectation values which can spontaneously break gauge invariance. For the 
geometry this number is the number of internal points in the toric diagram and is 
therefore the number of vanishing 4-cycles for the singular geometry. The number of 
2-cycles in the singular geometry has yet another simple expression as p - 1 + E - 3. 
This number also counts the number of different BPS charges B that particles can 
carry in the five dimensional theory. As is well known the number of gauge groups 
for the quiver gauge theory is given by the total number of all even (0-,2-,and 4- 
) dimensional cycles. Therefore we get a relation which states that the number of 
different monopole solutions, denoted M ,  is given in terms of p and the number of 
external lines as M + B + 1 = 2M + Nf + 2 = 2M + E - 2 = 2p + Nf. For the cases 
Nf = 0 and Nf = 1 we recover the known cases of YP74 and Xp>q, respectively. See 
related discussions in [41]. We summarize the above discussion in Table 6.1. 
5d SU(p) theory 
Number of Monopoles M 
Number of BPS States B 
Yp74 Toric Geometry 
P - 1  
Number of 2 - cycles, p - 1 + E - 3 
I . - 
Table 6.1: The relationship between different parameters in the 5d theories and Yp,q 
5d Moduli 
1 
toric geometries. 
Number of 4 - cycles, p - 1 
Chern - Simons Coefficient 
Number of Flavors Nf 
4 
E - 4  
6.5 Toric Phases of the XP74 theories 
The X P . 4  quiver gauge theories we present in this chapter each flow to a supercon- 
formal fixed point at  the infrared. At that point one can apply Seiberg duality [I] to 
any of the gauge groups and get a new theory which has a different matter content 
and superpotential but flows to the same IR fixed point as the original theory. By 
repeating this process it is possible to obtain an infinite number of UV inequivalent 
theories that fall into the same universality class. In this section we will discuss a 
particularly simple finite subclass of these theories, the connected torzc phases. We 
define the term torzc phase to mean that all the gauge groups have the same rank. 
The term "connected" refers to the theories generated by starting from a toric phase, 
like the ones discussed above, and only dualizing nodes with number of flavors ( N f )  
equal to  twice the number of colors ( N J .  These are sometimes called self-dual nodes, 
because the gauge group is unchanged by the dualization. The resulting gauge theory 
is again in a t,oric phase, with gauge group S U ( N ) 2 p C 1  and every field appearing in 
the superpotential exactly twice. For the sake of brevity we will omit the tedious 
details of the dualizations. Instead we shall outline the general structure of these 
toric phases, using a few of the results of [63] for the corresponding Y p l q  quivers. 
The toric phases of the Y P . 4  theories can be described as modifications of the quiver 
for Y*? These can be seen very clearly in the "ladder" depiction of the quiver, in 
which the nodes are placed in two parallel rows and numbered in a crenellating fashion. 
The quiver is then made up of "blocks," i.e. square sections between rungs of the 
ladder. All the blocks are identical in Y p l p  and each one can be replaced by a single 
or double impurity. The numbers of single impurities (n l )  and double impurities (n2) 
are restricted by the relation nl + 2n2 = p - q. An example of this construction is 
shown in Figure 6-16. 
In these toric phases of the Y P . 4  theories, the only self-dual nodes are the ones at 
the ends of a single or double impurity. The blow-up procedure which produces the 
X p 1 4  theories creates new self-dual nodes. More precicely, node B in Y P . 9  Figure 6-7 is 
replaced by self-dual nodes B1 and B2 in X p . 4  Figure 6-8. Dualizing gauge groups that 
single impurity double impurity 
Figure 6-16: The quivers for Y33 and Y30 with one single (left block) and one double 
impurity (right block). 
do not share any bifundamentals with these two nodes has exactly the same effect as 
in the case of Y p l q .  The impurities of Y p l q  can be moved around the quiver, fusing into 
double impurities when they collide. As an example, we show the result of dualizing 
node 6 of X3y1 below. The two impurities fuse into a double impurity exactly as they 
would in the absence of the blow up. Dualizing node 7 has an essentially identical 
effect. 
Figure 6-17: The notation S6 means Seiberg duality on node 6. The resulting double 
impurity is located between nodes 1 and 6. 
On the other hand, dualizing nodes connected by an arrow to  the new self-dual 
nodes leads to  new theories, not always accounted for by the toric phase structure 
of YPyq. Again we will use X37' as a showcase. Dualizing node 4 leads to the quiver 
shown in Figure 6-18. We have moved node 4 between nodes I and 2 t o  make clear 
the result of this dualization: The theory we get is the same as the one we would get 
by blowing up node 2 instead of 3, as mentioned in Section 3. Higgsing X14 in this 
quiver gives Y311 with two single impurities, while Higgsing Xq2 gives Y370 with three 
single impurities. Dualizing 5 gives a theory completely equivalent to this one. 
Figure 6-18: Seiberg duality on node 4 corresponds to  blowing up a different node of 
Y3J. 
The phases of X371 we have described so far have either 15 or 19 fields. When 
we Higgs them down to  Y37' only the field that gets a vev disappears and we get 
the phases with with 14 and 18 fields respectively. Higgsing to Y310 gives mass t o  
two fields which are integrated out and removed from the massless spectrum together 
with the field that gets the expectation value, producing the toric phases with 12 
and 16 fields. The difference in the number of fields simply comes from the difference 
in the distribution of impurities in Y3y1. Whenever two single impurities fuse into a 
double impurity in Yp74, the number of fields goes up by four. In addition to  these, 
there are also "intermediate" toric phases of X37' that have 17 fields. These blow 
down to the phase of Y311 that has 14 fields and to the phase of Y370 with 16 fields. 
The details of the Higgsing are now reversed: two additional fields are integrated out 
when going to Y37', but only the field with a vev disappears when we blow down to 
Y310. For X371 there are precisely two such phases, produced by dualizing nodes 1 or 
3. In Figure 6-19 we show the first of these two, and the phases of Yp,q t o  which it 
blows down. 
Figure 6-19: One of the two toric phases of X311 with 17 fields. The notation H(X,) 
means giving a vev to  the scalar component of X,. 
More generally, we expect the toric phases of all Xplq to  fall in this pattern. 
Increasing p does not change the story, because the blow up is localized on the quiver 
graph. The YP.9 theories have toric phases with 4p  + 2q + 4n2 fields where n2 = 
0 ,1 , .  . . [y] is the number of double impurities. For each of these models there will 
be toric phases of XP.9 with one additional field that Higgs down to  Yplq and Yplq-' 
like the examples in Figures 6-17,648. On top of these we have the "intermediate" 
phases with 4p + 2q + 4n2 + 3 fields, where n2 = 0,1,  . . . [y] - 1. These also blow 
down to YP.9, Yplq-' in the way described for the example in Figure 6-19. This is 
summarized in in Figure 6-20 for the case of X37'. It would be interesting to  have a 
more general understanding of the Seiberg dual phases of Xplq, including non-toric 
ones, since it may be easier to  extract information about the infrared dynamics from 
some of these models than from others. 
The toric phases of YPlq can be easily enumerated. The problem is the same as 
counting the ways of coloring the p vertices of a pgon using three different colors 
(corresponding to a single impurity, a double impurity, or no impurity) modulo the 
Figure 6-20: The number of fields for the toric phases of X31, Y31, Y30 and the possible 
higgsings (shown with arrows). Note that several different toric phases can have the 
same number of fields. 
action of the dihedral group D,. This is a standard application of P6lya's enumeration 
theorem [?I. The cycle index of the dihedral group is 
1 1 2 (~-2)/2 
~ ( D P )  = -2(Zp) 2 + 4(~;'2 + x1x2 ) (p even) 
where Z(Z , )  is the cycle index of the cyclic group of order p : 
and +(a) is Euler's totient function. To implement the condition ol+ 2n2 = p - q we 
assign weight 1 for no impurity, X to  a single impurity and X2 to a double impurity. 
Then x, = 1 + An + X2", and after plugging this into (6.19) the number of toric phases 
is given by the coefficient of XP-9 in the resulting polynomial. Because of the way the 
Xp)q theories Higgs to YP.9 and Yp.q-', we expect the number of toric phases of XP.9 
to be essentially determined by (and in fact greater than) the number of toric phases 
of Yplq, but we shall leave a detailed counting to future work. 
Finally, we note that when performing Seiberg duality one must alter the superpo- 
tential as well as the quiver. This is done by including cubic interactions of the form 
Mqq, where q and are the dual quarks and M is a composite field in the original 
theory which maps to a singlet in the dual. One must be careful when applying this 
procedure to bifundamentals, since here the field M is only a singlet under the dual- 
ized group but still transforms as a bifundamental in the dual theory. This procedure 
works as expected for the XP.q theories and produces the necessary Yp7q superpoten- 
tials upon giving a vev to the appropriate bifundamentals. For more details, we refer 
the reader to  [2, 31. 
An important test of the AdS/CFT correspondence is that the dimensions of operators 
in the field theory match with the volumes of the different supersymmetric (calibrated) 
submanifolds D3-branes can wrap in the geometry [14, 161. These dimensions, or 
equivalently R-charges, can be figured out in the gauge theory via a-maximization, 
and in the geometry via a volume calculation. These charges have also been computed 
via techniques from algebraic geometry [32, 70, 44, 711. It is also possible to  derive 
some of the R-charges purely from the toric data [72]. 
Let's briefly review the situation for dP2, which will reveal an interesting aspect 
of the Xp>q theories. The quiver for dP2 is given in Figure 6-1. The R-charges for this 
theory are known 1521, and given in Table 6.2. Since baryonic operators in the SCFT 
correspond to D3-branes wrapping 3-cycles, we may associate to  each bifundamental 
a 3-manifold in the dual geometry. Since dP2 has two 3-cycles, we expect two baryonic 
U(1) global symmetries. Similarly, we expect dP2 to have a U(1) x U(1) isometry, 
which should translate to an additional U ( I ) ~  flavor symmetry. The baryonic U(1)'s 
do not mix with the R-symmetry, as discussed in 123, 321. Therefore there should 
be a two-dimensional space of U(1) symmetries which can potentially mix with the 
R-symmetry. Indeed, we note that we may assign a 2-dimensional basis of R-charges 
to the fields in dP2 as given in Table 6.2. One can see a similar agreement for the 
YP.4 theories: With one non-baryonic U(1) symmetry, one can reduce the R-charges 
to  a one-dimensional basis. This is what allowed the authors of [50] to compute the 
R-charges of these theories. 
Equivalently, we can rephrase the above discussion as follows: Since the baryonic 
symmetries do not mix with the R-charges, it should be possible to do a-maximization 
over a two-dimensional space of parameters for dP2 and over a one-dimensional space 
for Ypjq. Naively, one might think from the field theory that dP2 would require 
a-maximization over four parameters; this is what comes out of solving the linear 
equations given by the constraints of anomaly freedom a t  each node, and that the 
superpotential terms all have R-charge equal to  two. However, we know that this 
is not the whole story; if one were able to pick the two flat directions properly, a- 
maximization could be done over only two parameters. This is easy to  do once we 
know the right R-charges. From these, it is possible to  work backwards and assign 
a good two-dimensional basis of charges as in Table 6.2. Doing a,-maxmization over 
these two-dimensional basis, treating these charges as free parameters, yields the 
correct result. 
I Field I R - charge ( Linear Combination ( 
Table 6.2: R-charges for dP2. All R-charges can be expressed as a linear combination 
of two basis charges. 
One would naively think that just as the dPl results extended to general Y p j q ,  we 
could extend the dP2 results to general XP.9. Since the number of baryonic U(1)'s 
is always the number of external legs of the toric diagram minus three, there should 
always be two U( l )B symmetries in the X p 7 4  theories that do not mix with the R- 
symmetry. Since we expect there to be naively four free parameters for the XP.4 
theories in general (we have verified this for e.g. X31' although not for general XP.q), 
there should be a remaining two-dimensional basis of R-charges. 
Unfortunately, however, we have not been able to reduce the R-charges of these 
theories to  a two-dimensional basis. One difficulty is that since a-maximization for 
the Xplq theories must be done over four parameters (at least initially, since it is 
difficult to  pick the flat directions in practice), it is very difficult to  obtain exact 
numbers for p > 2. We have, however, numerically computed the R-charges for X31? 
Since the numbers are not particularly illuminating, we do not record the R-charges 
here. We do note that it appears not to  be true that there is a two-dimensional basis 
of R-charges for general XPlq theories. One can easily check if, given three R-charges, 
there is any integer linear combination of them that equals another integer. To the 
precision allowed by Mathematica, we have not found any such linear combination of 
R-charges for X3,' for any 1 5 q 5 3. Thus, it appears that our naive guess that there 
are only two U(1) flavor symmetries in the Einstein-Sasaki manifold is incorrect. We 
note that the Xp" theory is special in that the quiver and superpotential have a Z2 
symmetry which gives a nontrivial constraint on the R-charges; in these cases we may 
reduce the number of independent R-charges to three. Thus, we have a puzzle: Since 
the baryonic U (1)'s should not mix with the R-symmetry, there should be relations 
between the R-charges. Our inability to  find such relations may be a consequence of 
our numerical computation; since we cannot find the exact R-charges for the XP4, we 
can only check that things sum to zero up to a given numerical precision. However, 
it is possible that there is a deeper issue here as well. 
Finally, we note that there are some XP74 where we can actually find the R- 
charges exactly. We have done the calculation for X212 and X3,37 and found that 
in these cases the R-charges are not quadratic irrational, but instead the roots of 
quartic polynomials. These are the first examples of theories whose R-charges are 
not quadratic irrationals. This is not in contradiction to the prediction from a- 
maximization, since the charges are still algebraic numbers. Since a is a cubic function 
over many variables, derivatives of a will be quadratic functions over many variables. 
In general the solutions of these equations will not be quadratic irrational, although 
they have been for every case studied so far. Although we do not record the exact 
values of all the R-charges for X2,2 and X3,3 here, we do note for the sake of reference 
two R-charges. For X393 (shown in Figure 6-10), the R-charge of the bifundamental 
XS6 is given by a root of the polynomial 27x4 - 198x3 - 180x2 + 6502 - 250. For X272 
(also known as Pseudo-del Pezzo 2), the R-charge of one of the fields (X53 in Figure 
6 of [73]) is given by a root of 9x4 - 78x3 + 112x2 + 16x + 32. 
6.7 Conclusions 
We have seen how to generate a new class of quiver gauge theories for which the 
dual geometries are known in terms of toric varieties. In general, the study of the 
relation between the geometry which the branes probe and the theory living on their 
worldvolume contributes to the more ambitious effort for completely understanding 
the hologra.phic duality between gauge theories and string theory. The theories we 
studied are for the most part supersymmetric, as this is required for the stability of 
the brane configuration. This is obviously a limitation if one wants to make use of 
the duality to analyze non-supersymmetric theories like standard QCD. However, as 
noted in the introduction, the motivation is still sound, both because of the good 
possibility that supersymmetry is real (and broken at low energies) and because of 
the structural features shared by both classes of theories. Recently, serious progress 
has been made through the introduction of the brane dimer concept [64, 651 which 
provides an "intermediary" between the geometry and the gauge theory. It is now 
very possible that in the very near future we will have a fast, c:omprehensive and 
physically meaningful algorithm for moving between the two poles of the duality. 
The purpose of course is not to generate increasingly complicated theories, but to 
uncover the mechanics of how the dynamics of the gauge theories are related to the 
gravitylstring theory description. In this context, the most interesting question is to 
describe the physical reality of the brane dimer, and how it can replace the singularity. 
This will provide answers to important questions, such as the precise string theoretic 
origin of a-maximization. 
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